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Abstract

Referring to the equilibria constructed in the paper “The Impact
of Resale on 2-Bidder First-Price Auctions when One Bidder’s Value
is Commonly Known” by the same author, this paper discusses equi-
librium uniqueness. Without resale, uniqueness holds under the as-
sumption that no bidder submits a bid above her value. A similar
assumption implies uniqueness when resale is possible, provided resale
payoffs are discounted. Without discounting, the auction with resale
has equilibria in nonmonotonous bid functions.
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1 Introduction

This paper discusses equilibrium uniqueness for first-price auctions in a class
of 2-bidder environments that generalizes an example of Vickrey (1961).
Buyer 1 has a private value for the good on sale. Buyer 2 has a commonly
known, positive, value. In Tröger (2004) we analyze the impact of a re-
sale opportunity on first-price auctions in these environments. To this end,
Tröger (2004) constructs an equilibrium for the auction without resale, and
an equilibrium for the auction with resale. Because we assume in Tröger
(2004) that these equilibria represent the market outcome with and without
resale, it is important to know whether the equilibria are unique.
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Without a resale opportunity, the equilibrium established in Tröger (2004,
Proposition 1) is essentially unique if we assume—as suggested by weak
dominance—that no buyer-1 type submits a bid higher than her value. We
show that without this assumption alternative equilibria exist where buyer-
1 types who never win the auction bid above their values. Moreover, if we
strengthen the no-bid-above-value assumption into assuming that buyer 1’s
bid lies with probability 1 strictly below her value (as weak dominance would
suggest as well), an equilibrium may fail to exist.

With a resale opportunity, we show that the equilibrium established in
Tröger (2004, Proposition 2) is unique if we assume that no buyer-1 type bids
higher than the maximum of her value and the discounted buyer-2 value.
The reason we allow buyer-1 types below the discounted buyer-2 value to bid
higher than their values is that they can resell the good to buyer 2. Like in
the case without resale, multiple equilibria exist if no restricting assumption
about buyer 1’s bid function is made, and an equilibrium may fail to exist if
we strengthen the no-bid-above-value assumption into a strictly-below-value
assumption.

We also emphasize the importance of discounting for equilibrium unique-
ness. If payoffs obtained in the resale period are not discounted, as assumed
in most previous papers on auctions with resale, equilibria exist that are
different from the limit equilibrium that we obtain from the equilibria of
Tröger (2004, Proposition 2) when the discount factor tends to 1. In partic-
ular, we give an example of an equilibrium without discounting where buyer
1’s bid function is nonmonotonous in the winning range.

Throughout the paper, we use the model and the notation introduced in
Tröger (2004, Section 2).

2 Equilibria without resale

In this section we consider the auction market without a resale opportunity.
First we introduce Assumption 1, that buyer 1 does not bid higher than her
value. In Proposition 6 we show that under Assumption 1, the equilibrium
constructed in Tröger (2004, Proposition 1) is the essentially unique one. We
add two other results. Proposition 7 shows that Assumption 1 is necessary
for uniqueness: if we allow buyer-1 types who never win to bid above their
values, multiple equilibrium outcomes do in fact exist. Example 1 shows
that Assumption 1 cannot be strengthened into requiring bids strictly below
values because then an equilibrium may not exist.

As long as a buyer wins the auction with probability 0, her bid can be
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larger than her value without causing her a loss. But such a strategy is
weakly dominated. This leads us to the following assumption.

Assumption 1 In equilibrium, buyer 1 uses a bid function that has the
property b1(θ1) ≤ θ1 for all θ1 ∈ [0, 1].

The alert reader will notice that the weak-dominance argument also
excludes strategies b1 where b1(θ1) = θ1 for some θ1 > 0, but we do not
adopt this restriction.

We can now formulate the result that the equilibrium constructed in
Tröger (2004, Proposition 1) is essentially unique.

Proposition 6 Consider any equilibrium (b1, H) of the first-price auction
without resale that satisfies Assumption 1. Let V2 denote buyer 2’s equilib-
rium payoff, and let b and b denote the lower and upper end of the support
of H. Then

V2 = max
b∈[0,θ2]

F (b)(θ2 − b), (1)

b = max arg max
b∈[0,θ2]

F (b)(θ2 − b), and b = θ2 − V2. (2)

For all θ1 ∈ (b, 1],

b1(θ1) = θ2 −
V2

F (θ1)
, (3)

and b1(θ1) < b for all θ1 < b. For all b2 ∈ [b, b],

H(b2) = e
−
∫ b
b2

1
φ(b)−bdb (b2 ∈ [b, b]), (4)

where φ : (b, b] → (b, 1] denotes the inverse of b1 restricted to the domain
(b, 1].

In Tröger (2004, p. 8-9) we sketch the proof of Proposition 6 under the
simplifying assumptions that buyer 2’s bid distribution is Lipschitz contin-
uous, with a possible exception at the lower end of its support, and that
buyer 1’s bid function is strictly increasing and continuous. The difficulty
behind the rigorous uniqueness proof given here is that we cannot assume
any regularity of buyer 1’s bid function or buyer 2’s bid distribution.

Proof of Proposition 6. Let (b1, H) denote an arbitrary equilibrium of
the first-price auction without resale that satisfies Assumption 1. Let b and
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b denote the lower and upper end of the support of H. Let V2 denote buyer
2’s equilibrium payoff. For all b > 0, let

φ(b) = sup{θ1 ∈ [0, 1] | b1(θ1) < b}

denote the supremum buyer-1 type who loses against the bid b, and let
φ(0) = 0. Observe that, by Assumption 1, φ(b) ≥ b for all b ∈ [0, 1].

In the course of the proof, we will show that V2, b, b, b1, H, and φ satisfy
the properties claimed in Proposition 6. Formula (1) follows from Lemma
6 and Lemma 8. The formula for b in (2) follows from Lemma 3, Lemma
8, and Lemma 12. The formula for b in (2) follows from Lemma 4. The
claims about b1 follow from Lemma 13 and Assumption 1. That φ is the
inverse of b1 in the relevant range is proved in Lemma 11. Finally, Lemma
14 establishes a differential equation for H. Given the boundary condition
H(b) = 1, standard theory of ordinary differential equations implies that
the unique solution is (4).

Lemma 1 shows that buyer 1’s bid function is weakly increasing in the
winning range. The main idea behind the proof is standard: one shows
that buyer 1’s payoff function has strictly increasing payoff differences; i.e.,
buyer 1’s payoff gain from switching to a larger bid that wins the auction
with higher probability is strictly increasing in her type.

Lemma 1

∀θ1, θ′1 ∈ [0, 1] : if H(b1(θ1)) > 0 and θ′1 > θ1 then b1(θ
′
1) ≥ b1(θ1).

Proof. For all b ≥ 0,

v1(b, θ
′
1)− v1(b, θ1) = H(b)(θ′1 − θ1). (5)

Now suppose that b1(θ
′
1) < b1(θ1). Then H(b1(θ

′
1)) < H(b1(θ1)) (otherwise

H(b1(θ
′
1)) = H(b1(θ1)), implying v1(b1(θ1), θ1) < v1(b1(θ

′
1), θ1), contradict-

ing the optimality of b1(θ1)). Hence, (5) implies

v1(b1(θ
′
1), θ

′
1)− v1(b1(θ′1), θ1) < v1(b1(θ1), θ

′
1)− v1(b1(θ1), θ1).

Rearranging yields

v1(b1(θ
′
1), θ

′
1)− v1(b1(θ1), θ′1) < v1(b1(θ

′
1), θ1)− v1(b1(θ1), θ1).

But the left-hand-side is ≥ 0 by optimality of b1(θ
′
1) and the right-hand-side

is ≤ 0 by optimality of b1(θ1)—contradiction. QED

Nobody bids more than necessary to win for sure.
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Lemma 2

b1(1) = b.

Proof. We have b1(1) ≤ b because otherwise type θ1 = 1 can improve her
payoff by lowering her bid.

Suppose that b1(1) < b. Then b1(θ1) < b for all θ1 < 1 (because otherwise
H(b1(θ1)) = 1 and thus b1(1) ≥ b1(θ1) ≥ b by Lemma 1). But then buyer 2
can improve her payoff by lowering her bid—contradiction. QED

We can now use φ to represent buyer 2’s payoff function.

Lemma 3 For all b with H(b) > 0, buyer 2’s payoff is given by

v2(b) = F (φ(b))(θ2 − b).

Proof. Consider any θ1 such that b1(θ1) ≥ b. By Lemma 1, b1(θ
′
1) ≥ b

for all θ′1 > θ1. We can conclude that

[0, φ(b)) ⊆ {θ1 | b1(θ1) < b} ⊆ [0, φ(b)].

Hence, Pr[b1(θ̃1) < b] = F (φ(b)). QED

With bid b buyer 2 wins for sure and obtains her equilibrium payoff.

Lemma 4
V2 = θ2 − b. (6)

Proof. By Lemma 2, φ(b) = 1 for all b > b. Hence, V2 ≥ v2(b) = θ2 − b
by Lemma 3. This implies “≥” in (6).

By definition of b, there exists a sequence (bm) with bm ≤ b, bm → b,
and v2(b

m) = V2. Because v2(b
m) ≤ θ2− bm → θ2− b, we obtain “≤” in (6).

QED

With her infimum bid b, buyer 2 does not win against any buyer-1 type
above b.

Lemma 5
φ(b) = b. (7)
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Proof. Suppose that φ(b) > b. Then there exists a type θ1 > b such
that b1(θ1) < b. Thus, v1(b1(θ1), θ1) = 0, but v1(b, θ1) > 0 for all b ∈ (b, θ1),
contradicting the optimality of the bid b1(θ1). QED

We now obtain a lower bound for buyer 2’s payoff.

Lemma 6

V2 ≥ max
b∈[0,θ2]

F (b)(θ2 − b).

Proof. Because φ(b) ≥ b for all b ≤ 1, Lemma 3 implies

v2(b) ≥ F (b)(θ2 − b).

QED

All buyer-1 types above b submit bids above b.

Lemma 7

∀θ1 > b : b1(θ1) > b.

Proof. Suppose that there exists a θ′ > b such that b1(θ
′) ≤ b. Hence,

φ(b) ≥ θ′ for all b > b.
By Lemma 6, V2 > 0. Thus b < θ2. Hence, by Lemma 3, for all

b ∈ (b, θ2),

v2(b)− v2(b) ≥ (F (φ(b))− F (φ(b)))(θ2 − b)− F (φ(b))(b− b)
≥ (F (θ′)− F (b))(θ2 − b)− F (φ(b))(b− b)

Thus, v2(b) > v2(b) for all b > b sufficiently close to b. Hence, H has no
atom at b; i.e., H(b) = 0. Hence, v1(b1(θ

′), θ′) = 0, but v1(b1, θ
′) > 0 for all

b1 ∈ (b, θ′), contradicting the optimality of the bid b1(θ
′). QED

With bid b buyer 2 obtains her equilibrium payoff.

Lemma 8

V2 = F (b)(θ2 − b).

Proof. By definition of b, there exists a sequence (bm) such that bm ≥ b,
bm → b, v2(b

m) = V2. By Lemma 7, φ(bm)→ b. Therefore,

V2 = v2(b
m) = F (φ(bm))(θ2 − bm)→ F (b)(θ2 − b),

which completes the proof. QED

6



Lemma 9 Buyer 2’s bid distribution H is continuous on (b, b].

Proof. Suppose that H has a discontinuity (i.e., an atom) at some
b̂ ∈ (b, b]. Define a sequence (θm) by θm = φ(b̂) − 1/m. Also define
b′ = limm b1(θ

m).

Observe that limm b1(θ
m) = b̂ (otherwise b′

def
= limm b1(θ

m) < b̂, hence
Pr[b1(θ̃1) ∈ (b′, b̂)] = 0 which would imply v2((b̂+ b′)/2) > v2(b̂) = V2).

Because θm ≥ b̂− 1/m,

lim inf
m
v1(b1(θ

m), θm) ≥ lim inf
m
v1(

b̂+ b

2
, θm) > 0.

Hence,
b̂ = lim

m
b1(θ

m) < lim
m
θm = φ(b̂). (8)

We also obtain

v1(b̂, θ
m)− v1(b1(θm), θm)

= H(b̂)(θm − b̂)−H(b1(θ
m))(θm − b1(θm))

→ (H(b̂)− sup
b<b̂

H(b)︸ ︷︷ ︸
>0 due to atom

)( φ(b̂)− b̂︸ ︷︷ ︸
>0 by (8)

).

Thus, types θm for large m have a profitable deviation. Contradiction. QED

Lemma 10 Buyer 1’s bid function b1 is continuous on (b, 1].

Proof. Suppose that b1 is not continuous at some θ′ > b. One case is
that

b1(θ
′) > lim

θ1↗θ′
b1(θ1)

def
= b′.

This implies Pr[b1(θ̃1) ∈ (b′, b1(θ
′))] = 0 and thus Pr[b̃2 ∈ (b′, b1(θ

′))] = 0.
By Lemma 9, we also have Pr[b̃2 = b1(θ

′)] = 0. Hence, type θ′ can improve
her payoff by lowering her bid—contradiction.

The other case to consider is

b1(θ
′) < lim

θ1↘θ′
b1(θ1)

def
= b′.

This implies Pr[b̃2 ∈ (b1(θ
′), b′]] = 0. But then any type θ1 > θ′ that is suffi-

ciently close to θ′ can improve her payoff by lowering her bid—contradiction.
QED
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Lemma 11 Buyer 1’s bid function b1 is strictly increasing on (b, 1]. The
function φ, restricted to the domain (b, b], is continuous and is the inverse
of b1, restricted to the domain (b, 1].

Proof. Suppose that b1 is not strictly increasing. Then there exists b̂ ≥ b
such that

Pr[b1(θ̃1) = b̂] > 0. (9)

By Lemma 7, b̂ > b.
Formula (9) implies v2(b̂− ε) < v2(b̂+ ε) for all sufficiently small ε > 0.

Moreover, v2(b̂) < v2(b̂+ ε). Hence, there exists ε > 0 such that

Pr[b̃2 ∈ [b̂− ε, b̂]] = 0,

which contradicts the optimality of bid b̂ for buyer 1.
The claims about φ now follow from Lemma 10. QED

Lemma 12 For all b ∈ (b, b], φ(b) > b.

Proof. For all θ1 > b, b1(θ1) < θ1 (because v1(b, θ1) > 0 if b ∈ (b, θ1),
and v1(θ1, θ1) = 0). Hence, the claim follows from Lemma 11. QED

Buyer 2 obtains her equilibrium payoff with any bid in (b, b].

Lemma 13

∀θ1 > b : V2 = F (θ1)(θ2 − b1(θ1)).

Proof. Because φ is the inverse of b1, for all θ1 > b,

v2(b1(θ1)) = F (θ1)(θ2 − b1(θ1)). (10)

Next we show that the set

D = {θ1 ≥ b | v2(b1(θ1)) = V2}

is dense in (b, 1]. Suppose not. Then there exists an open interval (θ, θ) ⊆
(b, 1] such that

∀θ1 ∈ (θ, θ) : v2(b1(θ1)) < V2.

Hence, Pr[b̃2 ∈ (b1(θ), b1(θ))] = 0, which contradicts the optimality of bid
b1(θ) for type θ.

Because D is dense and b1 is continuous on (b, 1], (10) follows. QED

The first-order conditions for the buyer-1 types above b yield a differential
equation for H.
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Lemma 14 Buyer 2’s bid distribution H is differentiable on (b, b), and

∀b ∈ (b, b) : H ′(b) =
H(b)

φ(b)− b
. (11)

Proof. Consider any b, b′ ∈ (b, b) with b > b′. Optimality of bid b for
type φ(b) implies

0 ≤ u1(b, φ(b))− u1(b′, φ(b))

= (H(b)−H(b′))(b− φ(b)) +H(b′)(b− b′)

Rearranging yields
H(b′)

φ(b)− b
≥ H(b)−H(b′)

b− b′
. (12)

Similarly, optimality of bid b′ for type φ(b′) implies

H(b)

φ(b′)− b′
≤ H(b)−H(b′)

b− b′
. (13)

Because H and φ are continuous on (b, b), (12) and (13) imply (11). QED

End of proof of Proposition 6.

The next result shows that Assumption 1 is necessary for the uniqueness
result established in Proposition 6. Dropping Assumption 1, we construct
alternative equilibria where buyer 2 randomizes over a different support and
obtains a smaller payoff than in the original equilibrium of Tröger (2004,
Proposition 1). The idea behind the equilibrium construction is that losing
buyer-1 types bid very aggressively (higher than their values) and thus force
buyer 2 to bid aggressively as well. In the most extreme of these equilibria,
buyer 2 only submits bids very close to her value.

Proposition 7 Consider any b < θ2 such that

b = arg max
b∈[b,θ2]

F (b)(θ2 − b). (14)

Let
V2 = F (b)(θ2 − b), b = θ2 − V2.

Then the first-price auction without resale has an equilibrium (b1, H) with
the following properties. Buyer 1’s bid function b1 is given by

b1(θ1) =

{
K(θ1 − b) + b, if θ1 ≤ b,
θ2 − V2

F (θ1)
, if θ1 ≥ b,

(15)
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where K > 0 is any sufficiently small constant.
Buyer 2’s bid distribution H has the support [b, b], and is given by

H(b2) = e
−
∫ b
b2

1
φ(b)−bdb (b2 ∈ [b, b]),

where φ denotes the inverse of b1.

Two remarks are in order. First, a solution b to (14) always exists.
In fact, all b sufficiently close to θ2 satisfy (14) because the mapping b 7→
F (b)(θ2 − b) is strictly decreasing in a neighborhood of θ2. Second, in the
equilibria of Proposition 7 the buyers are unanimously more aggressive than
in the original equilibrium of Tröger (2004, Proposition 1), which implies
that the seller obtains are larger revenue. To see this, observe that, by con-
struction, buyer 2’s payoff V2 is smaller than in original equilibrium. Hence,
the parameters b and b are larger than in the original equilibrium. Hence,
all buyer-1 types submit larger bids than in the original equilibrium, and
buyer 2’s bid distribution H stochastically dominates her bid distribution
of the original equilibrium.

Proof of Proposition 7. By (14), for all θ1 ∈ (b, θ2],

F (θ1)(θ2 − θ1) < F (b)(θ2 − b) = V2.

On the other hand, (15) implies

F (θ1)(θ2 − b1(θ1)) = V2.

Hence, b1(θ1) < θ1 for all θ1 > b.
The other arguments are exactly the same as in the proof of Proposition

1 in Tröger (2004), except for the proof that it is not profitable for buyer 2
to deviate to a bid b2 < b. For b2 < b,

v2(b2) = Pr[b1(θ̃1) < b2](θ2 − b2)

= F (
1

K
(b2 − b) + b)(θ2 − b2)

≤
(
F (b)−

minb∈[0,1] F
′(b)

K
(b− b2)

)
(θ2 − b2)

def
= v(b2).

The function v is increasing in the range [0, b] if K is sufficiently close to 0.
Hence,

v2(b2) ≤ v(b2) ≤ v(b) = v2(b),
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which completes the proof. QED

The last question we would like to answer in this section is why Proposi-
tion 6 relies on Assumption 1 rather than requiring that buyer 1 bids strictly
below her value, as the weak-dominance argument suggests. Example 1 an-
swers that an equilibrium may not exist, even if a 0-set of buyer-1 types is
allowed to bid their values. In other words, we provide an example where
any equilibrium satisfying Assumption 1 has the property that a positive
mass of buyer-1 types bid exactly their values.

The idea behind the example is to construct an F such that the map
b 7→ F (b)(θ2 − b) has an entire interval of maximizers. By Proposition 6,
b equals the largest among these maximizers. A positive mass of buyer-1
types below b must then bid their values because otherwise it is profitable
for buyer 2 to deviate to a bid below b.

Example 1 Suppose that θ2 = 1/2, and the distribution F is given by

F (θ1) =


1
3 + 2

3θ1 if θ1 ≥ 1
4 ,

1
4−8θ1 if 1

8 ≤ θ1 ≤
1
4 ,

8
3θ1 if θ1 ≤ 1

8 .

Then Pr[b1(θ̃1) = θ̃1] > 0 in any equilibrium that satisfies Assumption 1.

Proof. Suppose that

Pr[b1(θ̃1) < θ̃1] = 1.

Then,
∃b ∈ (1/8, 1/4) : Pr[b1(θ̃1) < b] > Pr[θ̃1 < b] = F (b). (16)

By construction of F ,

∀b ∈ [1/8, 1/4] : F (b)(θ2 − b) = 1/8,

and
∀b 6∈ [1/8, 1/4] : F (b)(θ2 − b) < 1/8.

By Proposition 6, the formula for b in (2) holds. Hence, b = 1/4. By (16),
there exists b ∈ (1/8, 1/4) such that

v2(b) = Pr[b1(θ̃1) < b](θ2 − b) > F (b)(θ2 − b) =
1

8
= F (b)(θ2 − b).

Hence, it is profitable for buyer 2 to deviate to bid b—contradiction. QED
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3 Equilibria with resale

We now consider the auction market with a resale opportunity. We first
show that, under an assumption motivated by iterated weak dominance, the
equilibrium constructed in Tröger (2004, Proposition 2) is essentially unique.
We add the result that when payoffs obtained in the resale period are not
discounted, additional equilibria exist where buyer 1 uses a nonmonotonous
bid function. These equilibria should be considered non-robust because they
vanish with the slightest discounting, which demonstrates the importance
of including a discount factor when modelling resale.

We will prove equilibrium uniqueness under an assumption that can be
motivated as follows. It is never optimal for buyer 2 to accept a resale offer
above her value θ2. Hence, when buyer 1 wins the auction she cannot make
more than δθ2 by reselling the good. Moreover, the resale offer buyer 1
obtains when she loses the auction is independent of her own bid (recall
that losing bids remain private). Therefore, no buyer-1 type greater than
or equal to δθ2 has a positive reason to bid higher than her value, and no
buyer-1 type below δθ2 has a reason to bid higher than δθ2. This iterated-
weak-dominance argument leads us to the following assumption.

Assumption 2 In equilibrium, buyer 1 uses a bid function b1 that has the
property b1(θ1) ≤ max{θ1, δθ2} for all θ1 ∈ [0, 1].

Observe that following the iterated-weak-dominance logic all the way
would yield something slightly stronger than Assumption 2, namely a re-
striction to bids strictly below max{θ1, δθ2}. As in the case without resale,
we do not adopt such a restriction because it may lead to equilibrium nonex-
istence.

We can now formulate the result that the equilibrium constructed in
Tröger (2004, Proposition 2) is essentially unique. We use the variables M
and θ̂ introduced in Tröger (2004, Section 4).

Proposition 8 Assume δM(1) ≥ θ2. Consider any equilibrium outcome
(b1, H, T ) of the first-price auction with resale and discounting that satisfies
Assumption 2. Let U2 denote buyer 2’s equilibrium payoff. Let b and b
denote the lower and upper end of the support of H. Then,

U2 = max
b∈[δθ2,θ2]

F (b)(θ2 − b), (17)

b = max arg max
b∈[δθ2,θ2]

F (b)(θ2 − b), and b = δM(1)− U2. (18)
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For all θ1 ∈ (b, 1],

b1(θ1) = max{θ2, δM(θ1)} −
U2

F (θ1)
(19)

and1

Pr[θ̃1 ≤ b, b1(θ̃1) ≥ b̃2] = 0. (20)

For all b2 ∈ [b, b],

H(b2) = e
−
∫ b
b2

1
m(b)

db
(b2 ∈ [b, b]), (21)

where
m(b)

def
= φ(b)− b− 1b≥b1(θ̂)δ(φ(b)− T (b)). (22)

and φ : (b, b]→ (b, 1] denotes the inverse of b1 restricted to the domain (b, 1].
If buyer 2 wins with a bid b ∈ [b, b1(θ̂)), she consumes the good in the

first period. If buyer 2 wins with a bid b ∈ [b1(θ̂), b], she makes a resale offer

T (b) ∈ τ(b)
def
= arg max

p∈[θ2,φ(b)]
(F (φ(b))− F (p))p+ F (p)θ2. (23)

With probability 1, buyer 2 submits a bid b such that T (b) is uniquely deter-
mined by (23).

In Tröger (2004, p. 11-13) we explain the proof of Proposition 8 under
the simplifying assumptions that buyer 2’s bid distribution is Lipschitz con-
tinuous, with a possible exception at the lower end of its support, and that
buyer 1’s bid function is strictly increasing and continuous. Here we give a
rigorous uniqueness proof.

Proof of Proposition 8. Throughout the proof, we consider an equilib-
rium outcome (b1, H, T ) of the first-price auction with resale and discount
factor δ < 1 that satisfies Assumption 2. Let b and b denote the lower and
upper end of the support of H. Let U2 denote buyer 2’s equilibrium payoff.
For all b > 0, let

φ(b) = sup{θ1 ∈ [0, 1] | b1(θ1) < b}
1Observe that, in contrast to the no-resale case, it is not true that no buyer-1 type

below b can win the auction with positive probability. If b = δθ2, a set of measure 0
of buyer-1 types θ1 ∈ [0, δθ2] may submit the bid b1(θ1) = b and win the auction when
b̃2 = b.
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denote the supremum buyer-1 type who loses against the bid b, and let
φ(0) = 0. Observe that, by Assumption 2,

∀b ∈ (δθ2, 1] : φ(b) ≥ b. (24)

For all θ1 ∈ [0, 1], let U1(θ1) denote buyer-1 type θ1’s equilibrium payoff.
Let

θ = sup{θ1 | H(b1(θ1)) = 0}

denote the supremum of the buyer-1 types that never win the auction.
In the course of the proof, we will show that U2, b, b, b1, H, φ, and T ,

satisfy the properties claimed in Proposition 8. Formula (17) follows from
Lemma 16 and Lemma 25. The formula for b in (18) follows from Lemma 35.
The formula for b in (18) follows from Lemma 29. Formula (19) follows from
Lemma 32. Formula (20) follows from Assumption 2 if b > δθ2 or H(b) = 0,
and from (30) otherwise. That φ is the inverse of b1 in the relevant range
follows from Lemma 30. Lemma 34 establishes a differential equation for H.
Standard theory of ordinary differential equations implies that the unique
solution with boundary condition H(b) = 1 is given by (21). The claims
about buyer 2’s resale decisions follow from Lemma 33 and (34).

The first lemma shows that buyer 1’s bid function is weakly increasing in
the winning range, for all types not below the discounted buyer-2 value. For
this lemma discounting is crucial because it induces strictly increasing payoff
differences for buyer 1. With discounting, buyer 1’s payoff difference from
switching to a larger bid that wins the original auction with higher probabil-
ity is strictly increasing in her type. But without discounting, a higher type
does not care more than a lower type whether she obtains the good today
or tomorrow. Thus, payoff differences are only weakly increasing. Hence,
a nonmonotonous bid function cannot be excluded without discounting, as
Example 2 confirms.

Lemma 15

∀θ1, θ′1 ∈ [δθ2, 1] : if H(b1(θ
′
1)) > 0 and θ1 > θ′1 then b1(θ1) ≥ b1(θ′1).

Proof. We begin by showing that

∀b, b′ ≥ δθ2 : (25)

if b > b′ and H(b) > H(b′)

then u1(b, θ1)− u1(b, θ′1) > u1(b
′, θ1)− u1(b′, θ′1).
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We have

u1(b, θ1)− u1(b, θ′1)
= H(b)(θ1 − θ′1)

+δ

∫
(b,∞)

(
1θ1≥T (b̂)>θ′1,δR(b̂)≥θ2(θ1 − T (b̂))

)
dH(b̂).

Hence,

u1(b, θ1)− u1(b, θ′1)− (u1(b
′, θ1)− u1(b′, θ′1))

=

∫
(b′,b]

θ1 − θ′1 − δ1θ1≥T (b̂)>θ′1,δR(b̂)≥θ2(θ1 − T (b̂)︸ ︷︷ ︸
≤θ1−θ′1

)

 dH(b̂).

≥ (H(b)−H(b′))(1− δ)(θ1 − θ′1) > 0,

which implies (25). To prove the lemma, suppose that b1(θ1) < b1(θ
′
1).

Define b = b1(θ
′
1) and b′ = b1(θ1). Then H(b) > H(b′) because otherwise

type θ′1 could improve her expected payoff by lowering her bid from b to b′.
Because b′ is optimal for type θ1 and b is optimal for type θ′1,

u1(b, θ1)− u1(b, θ′1) ≤ 0 ≤ u1(b′, θ1)− u1(b′, θ′1).

This contradicts (25). QED

The next lemma uses Assumption 2 to provide a lower bound for buyer
2’s equilibrium payoff. In particular, the payoff is positive.

Lemma 16

U2 ≥ max
b∈[δθ2,θ2]

F (b)(θ2 − b) > 0.

Proof. By Assumption 2, b1(θ1) < b for all b ∈ (δθ2, θ2] and θ1 < b.
Hence,

U2 ≥ u2(b) ≥ F (b)(θ2 − b).

By continuity of F , the inequality holds for b = δθ2 as well. QED

The next lemma shows that buyer 2’s infimum bid, b, is not lower than
the discounted buyer-2 value δθ2. If it were, all buyer-1 types would overbid
the lowest bid of buyer 2. But then buyer 2’s equilibrium payoff would equal
0.
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Lemma 17 b ≥ δθ2.

Proof. Suppose that b < δθ2.
First consider the case where H has no atom at b. Because T (b̃2) ≥ θ2 >

δθ2, we have u1(b, θ1) = 0 for all b ≤ b and θ1 ≤ δθ2. On the other hand,
u1(b, θ1) > 0 for all b ∈ (b, δθ2) and θ1 ≤ δθ2. Therefore,

∀θ1 ≤ δθ2 : b1(θ1) > b. (26)

Similarly,
∀θ1 > δθ2 : b1(θ1) > b (27)

because, for all b ≤ b,

u1(b, θ1) = δ

∫
(b,∞)

1θ1≥T (b),δR(b)≥θ2(θ1 − T (b)︸ ︷︷ ︸
≤θ1−θ2

)dH(b)

≤
∫
(b,

b+δθ2
2

]
(θ1 − δθ2)︸ ︷︷ ︸
<θ1−

b+δθ2
2

dH(b)

+δ

∫
(
b+δθ2

2
,∞)

1θ1≥T (b),δR(b)≥θ2(θ1 − T (b))dH(b)

< u1(
b+ δθ2

2
).

From (26) and (27) we can conclude that U2 = 0, which contradicts Lemma
16.

The case where H has an atom at b is similar. One shows that b1(θ1) ≥ b
and hence U2 = 0, which contradicts Lemma 16. QED

From the previous two lemmas one can conclude that if a buyer-1 type
up to the discounted buyer-2 value δθ2 wins with positive probability, her
equilibrium bid must equal δθ2.

Lemma 18

∀θ1 ≤ δθ2 : if H(b1(θ1)) > 0 then b1(θ1) = δθ2.

Proof. By Lemma 17, H(b1(θ1)) > 0 implies b1(θ1) ≥ δθ2. By Assumption
2, b1(θ1) ≤ δθ2. QED

We can now show that buyer 2 randomizes. If buyer 2 did not randomize,
certain buyer-1 types would submit a bid that ties with (and thus wins
against) buyer 2’s bid, but then buyer 2 would have an incentive to deviate.
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Lemma 19 b > b.

Proof. Suppose that b = b. Observe that b1(θ1) ≤ b for all θ1 ∈ [0, 1]
(because otherwise buyer 1 can improve her payoff by lowering her bid). By
Lemma 16, the bid b wins with positive probability.

If in equilibrium buyer 2 consumes the good after winning, b < θ2 by
Lemma 16. For all θ1 ∈ (b, θ2), we have b1(θ1) = b (because otherwise
U1(θ1) = 0). Thus it is profitable for buyer 2 to deviate to a slightly larger
bid—contradiction.

If in equilibrium buyer 2 offers the good for resale after winning, T (b) > b.
Because U1(θ1) > 0 for all θ1 > b,

∀θ1 ∈ (b, T (b)) : b1(θ1) = b.

This implies, by Lemma 15,

∀θ1 ∈ (b, 1] : b1(θ1) = b.

This means that buyer 2’s resale offer T (b) > b is accepted with probability
0. Hence, U2 = u2(b) < 0—contradiction. QED

The highest buyer-1 type ties with the supremum bid of buyer 2.

Lemma 20 b1(1) = b.

Proof. We have b1(θ1) ≤ b for all θ1 ∈ [0, 1] because otherwise type θ1 can
improve her payoff by lowering her bid.

Suppose that b1(1) < b. Then,

sup
θ1≥δθ2

b1(θ1) < b. (28)

(Otherwise there exists a sequence (θm), θm ≥ δθ2, b1(θ
m) → b, but then

b1(θ
m) > max{b, b1(1)} for large m by Lemma 19, which contradicts Lemma

15 because H(b1(θ
m)) > 0.)

From Lemma 17 and Lemma 19, b > δθ2. Hence, Assumption 2 implies

sup
θ1≤δθ2

b1(θ1) < b. (29)

From (28) and (29) one sees that buyer 2 can improve her payoff by lowering
her bid—contradiction. QED
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The next lemma considers the situation that buyer 2 bids her discounted
value with positive probability. It is shown that still only a measure-0-set
of buyer-1 types below the discounted buyer-2 value can win. If a positive
mass did win, it would either be profitable for buyer 2 to deviate from her
bid b = δθ2 to a slightly higher bid, or there would exist a buyer-1 type who
in equilibrium is supposed to bid below b, but profits from a deviation to
the bid b.

Lemma 21 If H(δθ2) > 0,

Pr[b1(θ̃1) < δθ2 | θ̃1 ≤ δθ2] = 1, (30)

φ(δθ2) ≥ δθ2. (31)

Proof. Suppose (30) is not true. By Assumption 2

Pr[b1(θ̃1) = δθ2 | θ̃1 ≤ δθ2] > 0. (32)

By Lemma 17, buyer 2’s equilibrium payoff U2 = u2(δθ2). If buyer 2
consumes the good after winning at bid b = δθ2, her equilibrium payoff
U2 = u2(δθ2) = Pr[b1(θ̃1) < δθ2](θ2 − δθ2). She profits from a deviation
to a slightly larger bid because by (32) her winning probability jumps up—
contradiction.

If buyer 2 offers for resale after winning at bid b = δθ2, a lower bound for
her resale payoff is θ2/δ because otherwise she would consume the good in the
first period rather than offering it for resale. Hence, T (δθ2) ≥ θ2/δ and some
type θ1 must be accepting this offer. Hence, θ1 ≥ θ2/δ and b1(θ1) < δθ2.
For type θ1 a deviation to the bid δθ2 is profitable because

u1(δθ2, θ1)− u1(b1(θ1), θ1) = H(δθ2)(θ1 − δθ2 − δ(θ1 − T (δθ2)))

≥ H(δθ2)(θ1 + θ2)(1− δ)
> 0.

Contradiction. This completes the proof of (30). Formula (31) is then
immediate. QED

The next lemma uses the functions φ and M to compute buyer 2’s win-
ning probability, resale payoff, and resale offer, for all bids that win in equi-
librium.

Lemma 22 For all b such that H(b) > 0,

Pr[b1(θ̃1) < b] = F (φ(b)), R(b) = M(φ(b)), (33)
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and, if φ(b) ≥ θ2,

T (b) ∈ τ(b)
def
= arg max

p∈[θ2,φ(b)]
(F (φ(b))− F (p))p+ F (p)θ2. (34)

Proof. Consider any b such that H(b) > 0. By Lemma 15, b1(θ1) < b for all
θ1 ∈ [δθ2, φ(b)). This together with (30) proves that there exists a 0-set N
of buyer-1 types such that

{θ1 ∈ [0, 1] | b1(θ1) < b} = [0, φ(b)] \N.

This implies (33) and (34). QED

The next lemma shows that, with positive probability, buyer 2 submits
a bid below her value; i.e., b < θ2. Suppose this were not so. Then buyer
2 must be offering the good for resale after winning with any equilibrium
bid close to her infimum bid b. Because her resale payoff must recover her
auction bid, her resale price must be higher than b, and some buyer-1 types
must be accepting this resale price. Hence, there exists a buyer-1 type above
the infimum equilibrium resale price who never wins the original auction but
always waits for resale. For this type it is profitable to deviate by slightly
overbidding buyer 2’s infimum bid b, in order to get the good cheaper.

Lemma 23 b < θ2.

Proof. Suppose that b ≥ θ2.
By definition of b, there exists a weakly decreasing sequence (bm)m∈IN

such that bm → b as m→∞, and u2(b
m) = U2. We can assume, for all m,

that bm > b if H(b) = 0 and bm = b if H(b) > 0.
For all m, by (33) and Lemma 16,

0 < U2 = u2(b
m) = F (φ(bm)) (max{θ2, δM(φ(bm))} − bm) . (35)

Because θ2 ≤ b ≤ bm, (35) implies

δM(φ(bm)) > bm. (36)

Let T = limm T (bm) denote the infimum of the equilibrium resale offers of
buyer 2. From (36) we can conclude

T ≥ lim
m
M(φ(bm)) ≥ lim

m
bm/δ = b/δ > b. (37)
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Because a resale offer that is accepted with a probability close to 0 yields a
suboptimal resale payoff,

θ = lim
m
φ(bm) > lim

m
T (bm) = T . (38)

Consider the bid b = (b + T )/2 and the type θ1 = (T + θ)/2. By (37) and
(38),

b < b < T < θ1 < θ.

By definition of θ, type θ1 submits a bid b1(θ1) ≤ b and obtains the equilib-
rium payoff

U1(θ1) = δ

∫
(b,∞)

1θ1≥T (b′),δM(φ(b′))≥θ2(θ1 − T (b′))dH(b′)

≤ δH(b)(θ1 − T )

+δ

∫
(b,∞)

1θ1≥T (b′),δM(φ(b′))≥θ2(θ1 − T (b′))dH(b′)

b<T
< u1(b, θ1).

Therefore, type θ1 has a profitable deviation b. Contradiction. QED

The next lemma shows that the supremum of the buyer-1 types who
never win the auction, θ, equals the infimum buyer-2 bid, b. If we had
θ > b, there would exist a buyer-1 type just above b for whom it is profitable
to deviate from her losing bid to a winning bid above b.

Lemma 24 θ = b.

Proof. Define a sequence (bm)m∈IN by bm = b + 1/m if H(b) = 0, and
bm = b if H(b) > 0. Then, φ(bm)→ θ as m→∞, and bm ≥ b for all m. By
(24) and (31), φ(bm) ≥ b. Hence,

θ ≥ b.

To complete the proof, suppose that θ > b. Let T̂ denote the smallest resale
offer that is optimal when buyer 2 wins against the types in [0, θ̂). Observe
that

Pr[T (b̃2) ≥ T̂ | δR(b̃2) ≥ θ2] = 1 (39)

because, by (33), δR(b̃2) ≥ θ2 implies φ(b̃2) ≥ θ̂, and because T is weakly
increasing by (34).
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By Lemma 23, T̂ ≥ θ2 > b. This together with the assumption b <
θ implies that there exists a buyer-1 type θ1 ∈ (b,min{θ, T̂}). By (39),
U1(θ1) = 0. But u1(b, θ1) > 0 for all b ∈ (b, θ1)—contradiction. QED

The next lemma relates buyer 2’s equilibrium payoff to her infimum bid.
If buyer 2’s bid distribution has an atom at the infimum bid, the result
follows because the bid b wins with probability F (b) and buyer 2 makes no
resale offer when she wins with bid b. In the no-atom case a limit argument
leads to the same conclusion.

Lemma 25 Buyer 2’s equilibrium payoff U2 = F (b)(θ2 − b).

Proof. By definition of b, there exists a weakly decreasing sequence
(bm)m∈IN such that bm → b as m→∞, and u2(b

m) = U2. We can assume,
for all m, that bm > b if H(b) = 0 and bm = b if H(b) > 0.

By Lemma 24, b = limm φ(bm). By Lemma 23, b < θ2 < θ̂. Hence,
φ(bm) < θ̂ for large m. Hence, by (33),

U2 = u2(b
m) = F (φ(bm))(θ2 − bm).

Taking the limit m→∞ yields the desired result. QED

The next lemma shows that buyer-1 types above b cannot be pooling
at b. If they did, the lowest types among them would obtain 0 equilibrium
payoff, and bidding slightly higher would be a profitable deviation.

Lemma 26

∀θ1 > b : b1(θ1) > b.

Proof. Suppose that b1(θ
′
1) = b for some θ′1 > b. Then u2(b) > u2(b) for

b > b close to b, because U2 > 0. Hence, H(b) = 0. Hence, U1(θ1) = 0 for
θ1 ∈ (b,min{θ̂, θ′1}). But u1(b, θ1) > 0 for b ∈ (b, θ1)—contradiction. QED

The next lemma states that buyer-1 types above b will make bids strictly
below their values. This follows because, starting from a bid equal to her
value, a deviation to a below-value bid replaces a zero payoff by a positive
payoff in the event that buyer 2 loses against the deviating buyer-1 bid, and
does not reduce buyer 1’s payoff in the event that buyer 2 wins against the
deviating bid.
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Lemma 27

∀θ1 > b : b1(θ1) < θ1.

Proof. Suppose that b1(θ1) = θ1. Then a deviation to the bid b′ =
(b+ θ1)/2 > 0 is profitable because H(b′) > 0 and

u1(b
′, θ1)− u1(θ1, θ1)

= H(b′)︸ ︷︷ ︸
>0

(θ1 − b′︸ ︷︷ ︸
>0

) + δ

∫
(b′,θ1]

1θ1≥T (b),δR(b)≥θ2(θ1 − T (b))︸ ︷︷ ︸
≥0

dH(b).

QED

The next lemma shows that buyer 1’s bid function is strictly increasing
in the winning range. The proof is similar to the respective argument for
standard first-price auctions without resale.

Lemma 28

∀θ′1 > θ1 ≥ b : b1(θ
′
1) > b1(θ1).

Proof. First consider the case θ1 = b. We have b1(b) ≤ b by Assumption
2 and Lemma 17. But Lemma 26 then shows b1(θ

′
1) > b1(θ1).

If θ1 > b, we have b1(θ1) > b by Lemma 27. Suppose that Pr[b1(θ̃1) =
b1(θ1)] > 0. Then optimality of buyer 2’s bid distribution, together with
U2 > 0, implies that Pr[b̃2 ∈ (b1(θ1)− ε, b1(θ1)]] = 0 for all sufficiently small
ε > 0. Because H(b1(θ1)− ε) > 0 for small ε,

u1(b1(θ1)− ε, θ1) > u1(b1(θ1), θ1) = U1(θ1),

which contradicts the optimality of b1(θ1) for type θ1. QED

The next lemma shows that with her highest bid buyer 2 wins with
probability 1 and obtains her equilibrium payoff.

Lemma 29 U2 = δM(1)− b.

Proof. By definition of b, there exists a weakly increasing sequence (bm)
such that bm → b as m→∞, and u2(b

m) = U2. By Lemma 20 and Lemma
28, Pr[b1(θ̃1) < bm]→ 1. By (33), F (φ(bm))→ 1 and

U2 = u2(b
m) = F (φ(bm))(max{θ2, δM(φ(bm))} − bm)→ δM(1)− b.
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QED

The next Lemma shows that buyer 1’s bid function is continuous. The
proof is similar to the respective argument for standard first-price auctions
without resale. If the bid function did jump buyer 2 would also not bid in the
resulting gap of buyer 1’s bid distribution. This contradicts the assumption
of optimal bidding for types just above the jumping type.

We are now in a position to conclude that φ is the inverse of the bid
function b1.

Lemma 30 Buyer 1’s bid function b1 is continuous on (b, 1]. The function
φ, restricted to the domain (b, b], is continuous and is the inverse of b1,
restricted to the domain (b, 1]. Moreover, φ(b) > b for all b ∈ (b, b].

Proof. Suppose b1 is not continuous at some θ′ > b. One case is that

b1(θ
′) > lim

θ1↗θ′
b1(θ1)

def
= b′.

This implies Pr[b̃2 ∈ (b′, b1(θ
′))] = 0 because otherwise buyer 2 could im-

prove her payoff by lowering her bid. But then buyer-1 type θ′ can improve
her payoff by lowering her bid—contradiction.

The other case to consider is

b1(θ
′) < lim

θ1↘θ′
b1(θ1)

def
= b′.

This implies Pr[b̃2 ∈ (b1(θ
′), b]] = 0. But then any type θ1 > θ′ that is suffi-

ciently close to θ′ can improve her payoff by lowering her bid—contradiction.
Using Lemma 28 and Lemma 27, the claims about φ are now immediate.

QED

The next lemma shows that buyer 2’s bid distribution is continuous,
except for a possible atom at b. If there were an atom at a bid b′ > b, buyer-
1 types who are in equilibrium supposed to bid just below b′ would rather
deviate and win against the bid b′. The resale offer would be more expensive
then buying in the original auction because otherwise buyer 2 makes a loss
when she bids b′.

Lemma 31 Buyer 2’s bid distribution H is continuous on (b,∞).
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Proof. Suppose that there exists b′ > b where H(·) is not continuous;
i.e., Pr[b̃2 = b′] > 0.

Define θm = φ(b′) − 1/m for all m large enough that θm > b. Let
b̂ = limm→∞ b1(θ

m). Observe that b̂ = b′ (otherwise Pr[b1(θ̃1) ∈ (b̂, b′)] = 0
which would imply u2((b

′ + b̂)/2) > u2(b
′)). Hence,

u1(b
′, θm)− u1(b1(θm), θm)

≥ H(b1(θ
m))(b1(θ

m)− b′︸ ︷︷ ︸
→m→∞0

) + Pr[b̃2 ∈ (b1(θ
m), b′)]︸ ︷︷ ︸

→m→∞0

(−1)

+ Pr[b̃2 = b′]cm,

where cm = θm − b′ − δ(θm − T (b′)) if buyer 2 offers the good for resale
after winning at b′, and cm = θm − b′ otherwise. If buyer 2 offers for resale,
T (b′) > b′/δ because otherwise u2(b

′) < 0. If buyer 2 does not offer for resale,
limm→∞ θ

m = φ(b′) > b′ by Lemma 30. Hence, in both cases limm→∞ c
m >

0. Therefore,

lim inf
m→∞

u1(b
′, θm)− u1(b1(θm), θm) ≥ Pr[b̃2 = b′] lim

m→∞
cm > 0.

Hence, for large m type θm has a profitable deviation. QED

The next lemma determines buyer 1’s equilibrium bid function in the
winning range. The bid function is determined by the condition that buyer
2 obtains the constant payoff U2 with any bid in the support of her bid
distribution.

Lemma 32 For all θ1 ∈ (b, 1],

b1(θ1) = max{θ2, δM(θ1)} −
U2

F (θ1)
.

Proof. Let
D = {θ1 ∈ (b, 1] | u2(b1(θ1)) = U2}.

Suppose D is not dense in (b, 1]. Then there exist θ′1, θ
′′
1 ∈ (b, 1] such that

θ′′1 > θ′1 and D ∩ [θ′1, θ
′′
1 ] = ∅; i.e., u2(b1(θ1)) < U2 for all θ1 ∈ [θ′1, θ

′′
1 ]. This

implies Pr[b̃2 ∈ [b1(θ
′
1), b1(θ

′′
1)]] = 0, which contradicts the optimality of the

bid b1(θ
′′
1) for type θ′′1 .

For all θ1 ∈ D, because φ(b1(θ1)) = θ1 by Lemma 30,

F (θ1)(max{θ2, δM(θ1)} − b1(θ1)) = U2. (40)
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Because D is dense in (b, 1] and b1, F , and M are continuous, formula (40)
holds in fact for all θ1 ∈ (b, 1]. QED

Given buyer 1’s bid function, it is now straightforward to determine after
which bids buyer 2 offers the good for resale.

Because the resale price correspondence is strictly increasing, its set of
points of multiple-valuedness is countable. Because H is continuous, the
probability that buyer 2 makes a bid in this countable set equals 0. This
shows that the resale price is uniquely determined with probability 1.

Lemma 33 For all b ∈ [b, b1(θ̂)) buyer 2 consumes the good in the first
period if she wins with bid b. If buyer 2 wins at a bid b ∈ [b1(θ̂), b], she
offers the good for resale.

Moreover, conditional on the event b̃2 ≥ b1(θ̂), condition (34) determines
T (b̃2) uniquely with probability 1.

Proof. Consider any bid b ∈ [b, b]. If H(b) = 0 then b = b and, by Lemma
23 and Lemma 26, buyer 2 does not win against any type above θ2. Hence,
buyer 2 consumes the good. Moreover, b < b1(θ̂) by Lemma 26.

Now consider the case H(b) > 0. By Lemma 30, b ≥ b1(θ̂) if and only if
φ(b) ≥ θ̂. By (33), buyer 2 offers the good for resale if and only if φ(b) ≥ θ̂.

Strict-monotone-comparative-statics results (Edlin and Shannon, 1998)
show that τ , given by (34), is strictly increasing. Therefore, [b1(θ̂), b] \ X
is countable, where X denotes the set of points where τ is single-valued.
Hence, using Lemma 31,

Pr[b̃2 ∈ X | b̃2 ≥ b1(θ̂)] = 1,

which completes the proof. QED

The next lemma establishes a differential equation for buyer 2’s bid dis-
tribution. The distribution is determined by the condition that buyer 1’s
bid is (locally) optimal for each type. Using this condition, we also prove
local Lipschitz continuity of buyer 2’s bid distribution.

Lemma 34 For all ε > 0, the distribution function H is Lipschitz continu-
ous on [b+ ε, b].

For Lebesgue-almost all b ∈ (b, b],

H ′(b) =
H(b)

m(b)
. (41)
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Proof. Let T = T (b1(θ̂)) denote the minimum equilibrium resale price.
The largest winning bid of buyer 2 that leads to an acceptable resale offer
for type θ1 ≥ T is denoted

T−1(θ1) = sup{b ≤ b | T (b) ≤ θ1}.

For all b ∈ [b, b], if θ1 ≤ T ,

u1(b, θ1) = H(b)(θ1 − b).

If θ1 ≥ T ,

u1(b, θ1) = H(b)(θ1 − b) + δ

∫
(max{b,b1(θ̂)},T−1(θ1))

(θ1 − T (b̂))dH(b̂).

Consider any b, b′ ∈ (b, b1(θ̂)] with b′ < b. Optimality of bid b for type φ(b)
implies

0 ≤ u1(b, φ(b))− u1(b′, φ(b))

= (H(b)−H(b′))(φ(b)− b)−H(b′)(b− b′).

Hence,
H(b)−H(b′)

b− b′
≥ H(b′)

φ(b)− b
. (42)

Similarly, optimality of bid b′ for type φ(b′) implies

if φ(b′) > b then
H(b)−H(b′)

b− b′
≤ H(b′)

φ(b′)− b
. (43)

Consider any b, b′ ∈ [b1(θ̂), b] with b′ < b. Optimality of bid b for type φ(b)
implies

0 ≤ u1(b, φ(b))− u1(b′, φ(b))

= (H(b)−H(b′))(φ(b)− b− δφ(b))−H(b′)(b− b′)

+δ

∫
(b′,b)

T (c)dH(c)︸ ︷︷ ︸
≤T (b)(H(b)−H(b′))

≤ (H(b)−H(b′)) ((1− δ)φ(b)− b+ δT (b))−H(b′)(b− b′).

Therefore,
H(b)−H(b′)

b− b′
≥ H(b′)

(1− δ)φ(b)− b+ δT (b)
. (44)
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(The denominator is positive because δT (b)−b > δM(φ(b))−b ≥ u2(b) > 0.)
Similarly, optimality of bid b′ for type φ(b′) implies

if (1− δ)φ(b′)− b+ δT (b′) > 0 and b ≤ T−1(φ(b′))

then
H(b)−H(b′)

b− b′
≤ H(b′)

(1− δ)φ(b′)− b+ δT (b′)
. (45)

For all b ∈ [b1(θ̂), b],

F (φ(b)− F (T (b))

F (θ̂)
+ θ2 ≥M(φ(b)) ≥ θ2/δ.

This together with Lipschitz continuity of F implies

∃η > 0 ∀b ∈ [b1(θ̂), b] : φ(b)− T (b) > η. (46)

By uniform continuity of φ on the compact set [b1(θ̂), b],

∃ξ > 0 ∀b, b′ ∈ [b1(θ̂), b], b− b′ ∈ (0, ξ) : φ(b)− φ(b′) < η. (47)

Subtracting (47) from (46) yields φ(b′)− T (b) > 0, hence

∃ξ > 0 ∀b, b′ ∈ [b1(θ̂), b], b− b′ ∈ (0, ξ) : b ≤ T−1(φ(b′)). (48)

For all b′ ∈ [b1(θ̂), b], using u2(b
′) ≥ 0,

b′

δ
≤M(φ(b′)) = (1− F (T (b′))

F (φ(b′))
)(T (b′)− θ2) + θ2

≤ (1− F (T ))(T (b′)− θ2) + θ2.

Rearranging yields

F (T )(T (b′)− θ2) ≤ T (b′)− b′/δ.

Hence, τ
def
= F (T )(T − θ2) ≤ T (b′)− b′/δ. Therefore,

∀b, b′ ∈ [b1(θ̂), b], b− b′ ∈ (0, δτ/2) :

δT (b′) + φ(b′)(1− δ)︸ ︷︷ ︸
≥0

−b ≥ δτ − (b− b′) ≥ δτ/2. (49)

Taken together, (45), (48), and (49) imply

∀b, b′ ∈ [b1(θ̂), b], b− b′ ∈ (0,min{ξ, δτ/2}) :
H(b)−H(b′)

b− b′
≤ 2

δτ
, (50)
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which shows that H is Lipschitz continuous on [b1(θ̂), b].
Similarly, (43) together with continuity of φ, shows that H is Lipschitz

continuous on [b+ ε, b1(θ̂)] for all ε > 0.
From (43) and (42) and continuity of φ it follows that H is differentiable

in (b, b1(θ̂)), and the derivative is given by (41). From (45) and (44) it follows
that H is differentiable at all points in (b1(θ̂), b) where T is continuous, with
the derivative given by (41). Because T is strictly increasing, its set of
discontinuities is countable. QED

The final lemma determines buyer 2’s infimum bid b.

Lemma 35

b = max arg max
b∈[δθ2,θ2]

F (b)(θ2 − b).

Proof. By Lemma 25 and Lemma 16,

b ∈ arg max
b∈[δθ2,θ2]

F (b)(θ2 − b).

Now suppose there exists b ∈ (b, θ2] such that F (b)(θ2−b) = U2. By Lemma
16, U2 > 0 and thus b < θ2. By (33), U2 ≥ F (φ(b))(θ2− b). Hence, φ(b) ≤ b,
in contradiction to Lemma 30. QED

End of proof of Proposition 8.

It is worthwhile to remark that without Assumption 2, alternative equi-
libria can be constructed in a similar fashion as in the case without resale (see
Proposition 7).2 Moreover, an equilibrium may fail to exist if we strengthen
Assumption 2 into a strictly-below assumption.3

2 When δ is close to 1, however, the resulting equilibrium multiplicity is much less
severe than in the case without resale. In fact, all equilibrium outcomes converge to
a single outcome as δ tends to 1. In order to simplify the arguments in the proof of
Proposition 8, we have used Assumption 2 throughout, but it can be shown with some
additional work that the only actual role of Assumption 2 is to determine which value b
takes within the interval [δθ2, θ2). Hence, if δ is close to 1, b is approximately unique even
without Assumption 2. But when b is approximately unique, the rest of the equilibrium
outcome is approximately unique as well.

3When δ is close to 1, however, the equilibrium of Tröger (2004, Proposition 2) has the
desired property that with probability 1 buyer 1 bids strictly below the maximum of her
value and the discounted buyer-2 value. This follows because b = δθ2 if δ ≈ 1.
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To complete the analysis, we consider the model without discounting.
Most previous papers about auctions with resale have not modelled dis-
counting. Equilibria derived in such dynamic models should, however, only
be considered robust if they survive at least discount factors close to 1. We
will not undertake a robustness check for previous papers. But we provide
an example that shows that, in principle, even the slightest discounting can
make a big difference. Our example consists of an equilibrium where buyer
1’s bid function is nonmonotonous in the winning range; i.e., where the bid
function is very different from the strictly increasing bid function that buyer
1 use in the case with discounting.

In the absence of discounting, we can assume that buyer 2 offers the
good for resale whenever she wins the auction—if she consumes the good
after failing to resell it she obtains the same payoff as when she consumes
the good in the first period. Hence, buyer 2’s payoff with bid b2 equals

u2(b2) = Pr[b1(θ̃1) < b2](R(b2)− b2), (51)

where the resale revenue function R is computed as in Tröger (2004, p.
5). Given buyer 2’s bid distribution H and a resale offer function T , the
expected payoff of buyer 1 with value θ1 and bid b equals

u1(b, θ1) = H(b)(max{θ1, θ2} − b) +

∫
(b,∞)

max{θ1 − T (b′), 0}dH(b′). (52)

The equilibrium construction in Example 2 is based on a nonmonotonous
bid function for buyer 1 that, for types in [θ2, 1], consists of two increasing
segments. The lower segment [θ2, θ

′) is separated from the upper segment
[θ′, 1] by some type θ′ where the bid function jumps down. Thus, types in
the upper segment make intermediate bids. One constructs θ′ so close to 1
that the resale offer is always in the lower segment. Hence, the resale offer
function T will be strictly increasing. We can then use T to define buyer
2’s bid distribution in a similar way as in the equilibrium with discounting
in Tröger (2004, Proposition 2). Without discounting, however, buyer 1 is
indifferent across bids between θ2 and the maximum bid that makes buyer
2’s resale offer acceptable assuming a tie. In particular, it is optimal for the
types in the upper segment to make intermediate bids.

Example 2 For all θ′ < 1 sufficiently close to 1, the first-price auction
with resale and no discounting has an equilibrium outcome (b1, H, T ) where
b1 is continuous and strictly increasing on [θ2, θ

′), jumps down at θ′, and is
continuous and strictly increasing on [θ′, 1].

Moreover, b1(θ1) = θ2 for all θ1 ≤ θ2, and b1(θ1) < θ1 for all θ1 > θ2.
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Proof. Fix any b̂ ∈ (θ2,M(1)). Let θ̌ > θ2 be such that M(θ̌) = b̂. Let
θ′ < 1 be so close to 1 that 1− θ′ + θ̌ < θ′ and

(F (θ̌)− F (
θ̌ + θ2

2
))
θ̌ − θ2

2
>

1− F (θ′)

F (θ̌)
(1− θ2). (53)

For all θ1 ∈ [θ̌, θ′] and p ∈ [θ2, θ1], let

g(p, θ1) = θ2 + (1− F (p)

F (θ1) + F (min{1, θ′ + θ1 − θ̌})− F (θ′)
)(p− θ2).

For all θ1 ∈ [θ̌, θ′], let

M̂(θ1) = max
p∈[θ2,θ1]

g(p, θ1).

For all θ1 ∈ [0, 1], let

b1(θ1) =


θ2 if θ1 ≤ θ2,
M(θ1) if θ1 ∈ (θ2, θ̌),

M̂(θ1) if θ1 ∈ [θ̌, θ′],

M̂(θ1 − θ′ + θ̌) if θ1 ≥ θ′.

For the proof that b1 is strictly increasing and continuous on [θ2, θ
′), observe

that M(θ̌) = M̂(θ̌), and both M and M̂ are strictly increasing and contin-
uous (the arguments are analogous to Tröger (2004, proof of Proposition 2
p. 18). Let φ̂ be the continuous inverse of b1 restricted to [θ2, θ

′). Because
M(1) = M̂(1), the domain of φ̂ is [θ2,M(1)).

Let T be any optimal resale price function. The next step is to show,

∀b ∈ [θ2,M(1)] : T (b) ∈ T (b)
def
= arg max

p∈[θ2,φ̂(b)]
g(p, φ̂(b)). (54)

Consider any b ∈ [θ2,M(1)]. If b ≤ b̂, buyer 2 wins with bid b against the
buyer-1 types in [θ2, φ̂(b)). Hence, (54) follows.

If b ∈ [b̂, M̂(1− θ′ + θ̌)] buyer 2 wins against buyer-1 types in

[θ2, φ̂(b)) ∪ [θ′, φ̂(b) + θ′ − θ̌).

The right-hand side in (53) is an upper bound for the resale payoff from
any resale price p ≥ φ̂(b), the left-hand side in (53) is a lower bound for the
resale payoff from the resale price p = (θ̌ + θ2)/2 < φ̂(b). Hence, the resale
offer T (b) < φ̂(b). Thus, (54) holds for b ∈ [b̂, M̂(1− θ′ + θ̌)].
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If b ∈ (M̂(1− θ′ + θ̌),M(1)] buyer 2 wins against the buyer-1 types in

[θ2, φ̂(b)) ∪ [θ′, 1],

and an argument like that in the previous case shows that (54) holds.
The next step is:

∀b ∈ (θ2,M(1)] : T (b)− b > 0. (55)

For all b < θ̌, (55) follows because for all T ∈ T (b),

b = b1(φ̂(b)) = M(φ̂(b)) = g(T, φ̂(b)) < T.

The proof of (55) is similar if b ≥ θ̌.
Now fix any ε > 0. By Berge’s Maximum Theorem, the correspondence

T , restricted to the domain [θ2 + ε,M(1)], has a closed graph. By (55), the
graph lies above the main diagonal. This implies

∀ε > 0 ∃δ > 0 ∀b ∈ [θ2 + ε,M(1)] : T (b)− b ≥ δ. (56)

We define buyer 2’s bid distribution H, for all b2 ∈ [θ2,M(1)], by

H(b2) = e
−
∫M(1)

b2

1
T (b)−bdb,

where [θ2,M(1)] is the support of H. We will show that H is a well-defined
probability distribution function. By (56), the integrand in the definition of
H is well-defined on (θ2,M(1)] and H is strictly increasing on (θ2,M(1)].
Moreover, for all ε > 0, the function b 7→ 1/(T (b)− b) is bounded above on
[θ2 + ε,M(1)]; hence, H is Lipschitz continuous in the range [θ2 + ε,M(1)].
Because ε is arbitrary, we can conclude that H is continuous in the range
(θ2,M(1)]. At θ2, the function H is continuous from the right because it is
defined by the limit H(θ2) = limb↘θ2 H(b). This competes the proof that H
is a distribution function.

Let D denote the set of discontinuities of T on (θ2,M(1)]. Monotone-
comparative-statics results show that T is increasing. Hence, D is countable.
For all b ∈ (θ2,M(1)) \D, the map b 7→ 1/(T (b)− b), is continuous and thus

the derivative of H is given by H ′(b) = H(b)
T (b)−b .

Proof of the optimality of buyer 2’s bid distribution. By definition of
the bid function b1, buyer 2 obtains payoff 0 from any bid b2 ∈ (θ2,M(1)].
Higher bids lead to losses, and lower bids to 0 payoff.

Proof of the optimality of buyer 1’s bid function. First, types θ1 ≤ θ2
cannot profit from bidding above θ2. All resale offers are greater than θ2,
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and buyer 1 can only make θ2 by selling to buyer 2. Hence, b1(θ1) = θ2 is
an optimal bid for all types θ1 ≤ θ2.

Now consider types θ1 > θ2. The largest winning bid of buyer 2 that
leads to an acceptable resale offer for type θ1 is denoted

T−1(θ1) = sup{b ≤M(1) | T (b) ≤ θ1}.

For all b > T−1(θ1),
u1(b, θ1) = H(b)(θ1 − b).

Hence, u1(·, θ1) is strictly decreasing in the range b ≥ M(1). It is also
decreasing in the range b ∈ [T−1(θ1),M(1)] because (i) u1(·, θ1) is Lipschitz
continuous and (ii), for all b ∈ (T−1(θ1),M(1)) \D,

∂u1
∂b

(b, θ1) = H(b)(θ1 − b)−H(b)

= H(b)(θ1 − b− (T (b)− b))
T (b)≥θ1
≤ 0.

In the range b ∈ (θ2, T
−1(θ1)], buyer 1’s utility function is given (because T

is strictly increasing) by

u1(b, θ1) = H(b)(θ1 − b) +

∫ T−1(θ1)

b
(θ1 − T (b′))H ′(b′)db′

Hence, for all b ∈ (θ2, T
−1(θ1)) \D,

∂u1
∂b

(b, θ1) = H ′(b)

(
θ1 − b−

H(b)

H ′(b)
− (θ1 − T (b))

)
= 0.

Therefore, using Lipschitz continuity of u1(·, θ1), buyer 1 is indifferent be-
tween all bids in the range (θ2, T

−1(θ1)]. Because u1(·, θ1) is continuous from
the right at θ2 and u1(b, θ1) = 0 for all b < θ2, we can conclude that any bid
b ∈ [θ2, T

−1(θ1)] is optimal for buyer-1. By construction, T (b1(θ1)) ≤ θ1,
hence b1(θ1) ≤ T−1(θ1), which completes the proof. QED
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[2] Tröger, T. (2004), “The Impact of Resale on 2-Bidder First-Price Auc-
tions when One Bidder’s Value is Commonly Known,” mimeo, Univer-
sity of Bonn.

[3] Vickrey, W. (1961), “Counterspeculation, Auctions, and Competitive
Sealed Tenders,” Journal of Finance 16, 8–37.

33


