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Abstract

We propose a new approach to analyzing signaling games that is par-
ticularly useful if the signal space is large, such as in informed-principal
problems.

1 Introduction
Consider a seller who has to choose the rules of an auction to sell her good. The
seller has private information about the quality of the good that is payoff rele-
vant to the buyers. This is a classic signaling problem à la Spence (1973): the
preferences of the seller over the rules of the auction will depend on her private
information. In equilibrium, the buyers will draw inferences about the seller’s
information from the choice of the rules. This, in turn, will affect their behavior
in the auction and the value of different rules will be determined endogenously.
Finding equilibria in such games is an open problem, which we address in this
paper.

Why should we care about optimal auction design under the assumption that
the seller’s information is private? First, there is a robustness question. The theory
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of optimal auction rules in environments where the seller’s information is pub-
licly known is extensive.1 However, the assumption that the seller has no private
information is a simplification; it would be valuable to know to what extent these
rules remain optimal in environments in which the buyers are uncertain about the
seller’s information.

Second, there are numerous applications in which the presence of private in-
formation on the seller’s side can be justified on positive grounds. In some envi-
ronments, the seller is a producer with private information about the quality of her
goods and/or her production costs. For instance, the seller may have privately un-
dertaken a cost-reducing or quality-enhancing innovation. In other environments,
the seller is more experienced and has a superior understanding of the fit of her
goods for different buyers. We would like to understand how the seller will opti-
mally use her private information and how the optimal auction rules will depend
on economic features of the environment such as the type of information (private
or interdependent value, vertical or horizontal) and whether this information is
verifiable or not (soft information vs. models of Bayesian persuasion in which the
seller can commit to a disclosure policy).

The difficulty of characterizing equilibria (or applying signaling refinements)
in privately-informed-seller games arises from the large signal space: any feasible
auction rule is a signal. This signal space does not have a simple structure and,
in particular, does not satisfy a single-crossing property. As a result, standard
methods for solving signaling games are not applicable. The problem goes beyond
the design of auctions or private contracting. It occurs in any setting in which an
interested party proposes a complex rule as, for example, in lobbying towards new
regulation or in international treaty negotiations.

One branch of the literature has addressed the problem of large signal spaces
by imposing structure on how private information affects preferences. A series
of papers (Myerson 1985, Maskin and Tirole 1990, Tan 1996, Yilankaya 1999,
Skreta 2009, Mylovanov and Tröger 2014) obtain results for private-value envi-
ronments, in which the sender’s information does not directly affect the payoffs of
the receivers. Koessler and Skreta (2015) and Izmalkov and Balestrieri (2012) as-
sume that the sender’s information does not directly affect her own payoff. Maskin
and Tirole (1992) assume that the receivers have no private information.

In another branch of the literature, the sender’s signal space is drastically re-

1See Milgrom (2004), Krishna (2009), and Borgers (2015) for introductions to the theory of
auction and mechanism design. See Myerson (1981) for the seminal paper characterizing the
optimal auction.
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duced (Kremer and Skrzypach 2004, Jullien and Mariotti 2006, Cai, Riley, and
Ye 2007): the sender is a seller who signals via a reservation price, but is other-
wise committed to a specific auction format. These papers allow for interdepen-
dent values.

In this paper, we provide a general approach to solving signaling games with
possibly large signal spaces. A seller-buyer environment is just one of the appli-
cations. Our approach works for any environment in which a privately informed
principal has to choose a mechanism (rules of interaction, signal) from a set of
feasible mechanisms. We impose only reasonable technical restrictions on the set
of mechanisms. In particular, the informed-principal problem and the signaling-
by-the-reserve-price problem are polar special cases of the environments that we
allow. Our approach works for the environments in which the principal’s private
information is correlated with the private information of other players. It is appli-
cable to voting environments, in which a privately informed party chooses a voting
mechanism, to mechanism design environments without transfers, e.g., a model of
delegation by a privately informed supervisor, to models of Bayesian persuasion
by a sender who has some private information about the state of nature.

Our approach is simple and easy to use. The key result is the Admissibility
lemma; it provides a criterion for checking whether a specific payoff vector for the
principal (types) is admissible in the sense that each signal may trigger a belief
such that no principal-type can gain from sending this signal. A perfect Bayesian
equilibrium payoff vector is characterized by the properties: it is admissible, and it
can be implemented with an incentive-compatible choice of signals of the sender-
types.

We show that virtually all known equilibrium constructions in the literature
on the informed-principal problem are applications of the Admissibility lemma.
We demonstrate via an example that the lemma allows to find equilibria in new
environments.

Section 2 introduces the model. In Section 3, we define the notion of com-
position of several payoff vectors that is used in the admissibility lemma. The
signaling game is described in Section 4. Section 5 establishes the existence of
equilibrium in the signaling game. The admissibility lemma is proven in Section
6. Section 7 consider applications of the admissibility lemma. Some of the proofs
are in the appendix.
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2 Model
We consider a person (“sender”, “principal”) who has a private-information type
t ∈ T , where T is finite. The principal’s interaction with the world results in a
payoff vector U ∈ IRT with the interpretation that, for all t ∈ T , the sender obtains
the payoff U(t) if her type realization is t. Which payoff vectors are feasible
depends on the world’s belief about the sender’s type. The belief is represented by
a vector in

B = {b ∈ IRT | b(t) ≥ 0 for all t,
∑
t

b(t) = 1}.

In order to incorporate agents with different prior probability assignments, the
interpretation of a belief is not necessarily in terms of probabilities. Rather, a
belief b ∈ B is to be interpreted such that, for any t′, t′′ ∈ T , the world believes
that type t′ is b(t′)/b(t′′) times as likely as type t′′ to enter the stage if b(t′′) > 0,
and type t′′ is believed to not enter the stage if b(t′′) = 0. An agent who assigns the
probabilities p(t) (t ∈ T ) prior to observing the signal will assign the probabilities
p(t)b(t)/

∑
t̂ p(t̂)b(t̂) after seeing the signal.

Any (b, U) ∈ B× IRT is called a belief-payoff-vector pair. For any b ∈ B and
N ⊆ B × IRT , denote the projection by N(b) = {U | (b, U) ∈ N}.

Our fundamental ingredient that describes any setting in reduced form is the
set of feasible belief-payoff-vector pairs,

K ⊆ B × IRT .

If U ∈ K(b), we say that the payoff vector U is feasible at the belief b, or b-
feasible. We assume that K(b) is non-empty for all b ∈ B. This is natural:
whatever the belief, there is at least one possible consequence.

In most applications the set K is compact. Both boundedness and closedness
are natural. Closedness of the setKmeans that, if bl → b̂ is a convergent sequence
of beliefs and Ul → Û is a convergent sequence of payoff vectors such that Ul is
bl-feasible for all l, then Û is b̂-feasible.

Let U = ∪b∈BK(b) denote the set of feasible payoff vectors for arbitrary be-
liefs.

3 Compositions
To define equilibrium payoff vectors, we need a crucial concept. A belief-payoff-
vector pair (b, U) ∈ B × IRT is the composition of (bk, Uk)k=1,...,K (K ≥ 1,
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(bk, Uk) ⊆ B × IRT ) if, for all t ∈ T ,

U(t) = max
k=1,...,K

Uk(t) (1)

and if there exist functions ck : T → [0, 1] (k = 1, . . . , K) with
∑K

k=1 ck(t) = 1
(t ∈ T ) such that

if ck(t) > 0, then Uk(t) ≥ Ul(t) for all l 6= k, (2)

and such that, for all k,

bk(t
′)ck(t

′′)b(t′′) = ck(t
′)b(t′)bk(t

′′) for all t′, t′′ ∈ T. (3)

This definition has a simple interpretation. Suppose that each type t chooses
among the payoff vectors U1, . . . , UK , where type t’s probability of choosing any
Uk is denoted ck(t). Then (1) expresses thatU is the payoff vector that results from
optimal choice, (2) expresses optimal choice, and (3) expresses that the belief bk
upon observing choice k is consistent with the initial belief b. Here, beliefs are to
be interpreted in terms of relative choice likelihoods. If the initial relative likeli-
hood of t′ versus t′′ is b(t′) : b(t′′) then their relative likelihood upon observing
the choice Uk is ck(t′)b(t′) : ck(t

′′)b(t′′), thus justifying (3).
If some k is not chosen by anybody (b(t)ck(t) = 0 for all t), then the conditions

(3) are void. Otherwise, they imply in particular that bk(t′) = 0 for any t′ with
b(t′)ck(t

′) = 0 and bk(t′) > 0 for any t′ with b(t′)ck(t′) > 0.

Lemma 1. Any composition can be expressed by composing at most |T | belief-
payoff-vector pairs.

The lemma relies on the freedom to change the choice probabilities ck(t) that
are used in the definition of a composition. The proof demonstrates that the ck(t)
can be chosen such that within the K composing points, we can find a subset of
cardinality at most |T | such that ck(t) = 0 for all t if k is outside the subset.
We first consider the types t that have zero initial weight b(t) = 0. These types’
choice probabilities have no impact on the posterior beliefs bk; thus, we can as-
sume without loss of generality that each of these types chooses one point for sure.
This contributes the active choice of at most |T \ T ′| points, where T ′ denotes the
set of types t that have positive initial weight b(t) > 0. For each point k actively
chosen by at least one type in T ′, conditions (3) can be reduced to at most pk − 1
independent linear equations, where pk denotes the number of types t that choose
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k (that is, ck(t) > 0); this is because the conditions (3) are transitive across types.
We conclude that for each point k that is chosen by at least one type in T ′, the
number of free variables ck(t) > 0 exceeds the number of restricting equations
(3) by 1. If more than T ′ points are chosen by the types in T ′, then even after
taking into account the further |T ′| restricting equations

∑K
k=1 ck(t) = 1 (t ∈ T ′)

at least one free variable ck(t) > 0 remains. Hence, we can change this ck(t) until
we hit a boundary at which some ck′(t′) becomes zero that was > 0 before. The
details of the proof are in the Appendix.

The set of compositions of points in K is denoted K.
A set S of belief-payoff-vector pairs is called composition-closed if any com-

position of points in S belongs to S. The following lemma implies that forming
compositions of compositions or taking limits of compositions does not add any-
thing.2

Lemma 2. The set K is composition-closed. If K is compact, then K is compact.

The proof of composition-closure is straightforward from the definition of a
composition. The setK is obviously bounded ifK is. Suppose thatK is also topo-
logically closed. That K is closed as well relies crucially on Lemma 1: because
the number of points needed to form a composition is bounded by |T |, any se-
quence of compositions can be represented by |T | sequences of composing points.
Thus, standard subsequence arguments can be applied to show that a converging
sequence of compositions is itself a composition. The details of the proof are in
the Appendix.

4 The signaling game
In order to define a space of signals, we first define a belief-payoff correspondence
N , which is any compact

N ⊆ B × IR|T |

such that N(b) is non-empty and convex for all b. The universal signal space is
defined as

M = {N | N ⊆ K is a belief-payoff correspondence}.
2The lemma is of crucial importance for the existence of equilibria.
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A signaling game is any pair (M∗, b∗), where b∗ ∈ B is the prior belief about the
sender, andM∗ ⊆M is the set of feasible signals, where⋃

M∈M∗
M = K. (4)

The last condition says that any feasible belief-payoff-vector pair can be obtained
by sending an appropriate signal, provided the belief fits.

By definition of a belief-payoff correspondence, the set of possible payoff-
consequencesM(b) is convex for each signalM and belief b; this may be justified
by the availability of a public randomization device. Boundedness and closedness
of M are natural. Closedness means that, if bl → b̂ is a convergent sequence of
beliefs and Ul → Û is a convergent sequence of payoff vectors such that Ul ∈
M(bl), then Û ∈M(b) (given the boundedness property, closedness is equivalent
to upper-hemicontinuity of M as a correspondence; cf. Berge (1963)).3

Given a set of signalsM∗, theM∗-admissible set is defined as4

A =
⋂

M∈M∗

⋃
(b,U)∈M

{V ∈ IRT | V ≥ U}.

The admissible set captures the payoff vectors such that a deviation to any feasible
signal can be prevented. The admissible set is defined independently of the prior
b∗. Any enlargement of the space of signals shrinks the admissible set or leaves
it unchanged. If a payoff vector V is admissible, then any payoff vector V ′ ≥ V
is admissible as well. The M-admissible payoff vectors are called universally
admissible.5

A payoff vector U∗ is a (perfect-Bayesian) equilibrium payoff vector if U∗ is
M∗-admissible and (b∗, U∗) is the composition of some (bk, Uk)k=1,...,K (K ≥ 1)
with (bk, Uk) ∈Mk for some Mk ∈M∗ (k = 1, 2, . . . , K).6

Due to (4), the definition can be written more compactly.
3In particular, compactness holds if M : b 7→ M(b) is the sequential-equilibrium-sender-

payoff-vector correspondence of a finite game form that represents the continuation game defined
by sending the signal M when triggering the belief b. The failure of upper-hemicontinuity at
beliefs with non-full support described by Fudenberg and Tirole (1991, p. 342) does not apply to
continuation games because all types can always be present via trembles.

4We write V ≥ U if V (t) ≥ U(t) for all t ∈ T .
5This relates to the approach of Myerson (1983). Say that a payoff vector is “blocked” if it is

not universally admissible. This blocking concept satisfies Myerson’s axioms. Hence, any neutral
optimum is an equilibrium in the signaling game with the universal signal space.

6Observe that we allow for the possibility that Mk = Ml for k 6= l. This implicitly adds the
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Remark 1. A payoff vector U∗ is an equilibrium payoff vector if and only if U∗ is
M∗-admissible and (b∗, U∗) ∈ K.

In many settings, it is reasonable to assume that the sender can commit to re-
strict herself to any finite subset of signals. Such a commitment can be interpreted
as a signal in itself. Then, K is composition-closed.7

A particularly important class of composition-closed settings are “informed-
principal” settings in which the signal space allows for arbitrary mechanisms. In
this context, composition-closure is a natural generalization of Myerson’s (1983)
inscrutability principle.

Using the universally admissible set to define equilibrium payoff vectors is
particularly attractive in informed-principal settings. This approach is in the spirit
of a “division of labor” into two jobs that has been very successful in the past re-
search on mechanism design. Job 1 is to find optimal mechanisms simply by tak-
ing account of incentive and participation constraints. Job 2 is to implement the
optimal outcome by identifying a mechanism with additional attractive properties
such as uniqueness of equilibrium, ex-post incentive constraints, detail-freeness,
simplicity, and so on. The concept of universal admissibility extends this division
of labor to mechanism design by a privately informed principal. Universal admis-
sibility assumes that the principal can select any payoff vector she likes, provided
it is feasible for the belief triggered by sending the signal; the only relevant re-
strictions here are convex-valuedness and upper-hemicontinuity with respect to
beliefs. Thus, the universal-admissibility approach extends Job 1 to mechanism-
design by an informed principal.8

In many settings, useful necessary conditions for perfect-Bayesian equilib-
rium are readily found by constructing particular signals M that, for each belief,
guarantee a high payoff for at least one type (see the examples below). Here,
the division of labor mentioned above applies as well. M may be found first in
the universal signal space (Job 1), and, secondly, an attractive mechanism may be

possibility of cheap talk to the definition. For example, consider the classical setting of Crawford
and Sobel (1982): for each belief there is a single feasible payoff vector, yet there can be equilibria
with information transmission.

7There are examples of settings that are not initially composition closed, in which adding the
ability to make signal-restricting commitments can reduce the universally admissible set. Put
differently, the universally admissible set based on K can be strictly smaller than the universally
admissible set based on K.

8Maskin and Tirole (1990, 1992) take up both jobs at once in their model; the cost of doing
this are rather restrictive assumptions both technically and with respect to the economic settings
considered.
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found that implements the desired payoff vectors for all beliefs (Job 2).
Towards finding perfect-Bayesian equilibria in settings with large signal spaces,

the difficulty is to find useful sufficient conditions for admissibility. The Admissi-
bility lemma below provides such sufficient conditions.

5 Existence
Because the signaling space can be very large, existence of a perfect-Bayesian
equilibrium is not obvious. The existence question comes down to asking whether
the admissible set and the set of b∗-compositions of feasible payoff vectors always
have a non-empty intersection. The answer is affirmative.9

Remark 2. If K is compact, then in any signaling game (M∗, b∗), at least one
equilibrium payoff vector exists.

If the space of signals M∗ is finite, Remark 2 is immediate from Lemma 3
below, which says that compositions with arbitrary beliefs can be constructed out
of any set of belief-payoff correspondences.

Lemma 3. Let P be a finite set of belief-payoff correspondences. Let b ∈ B.
Then there exists a composition (b, U∗) ∈ B×IRT of some (b∗P , U

∗
P )P∈P , where

U∗P ∈ P (b∗P ) for all P .

To prove this, we define a correspondence Ψ that maps each list of payoff
vectors, one assigned to each signal in P , into the optimal choice behavior of the
various sender types among the signals. Precisely, we capture the joint distribu-
tions over types and signals in P that reflect optimal choice. Here, we require that
each signal is selected with some minimal probability by each type. These trem-
bles guarantee that by Bayesian updating from b a unique belief about the sender’s
type can be assigned to each signal.

We have another correspondence given by the signals themselves. Suppose a
belief is given for each signal in P . We consider the correspondence that assigns

9The assumptions behind this existence result are considerably weaker than what is assumed
in the previous literature on the informed-principal problem. Maskin and Tirole (1990, 1992)
consider specific economic settings only. Mylovanov and Tröger (2012) and Wagner, Mylovanov,
and Tröger (2015) restrict attention to settings with (generalized) private values. To the best of our
knowledge, the only earlier existence results not covered by Remark 2 are Myerson (1983), who
assumes a finite outcome space and defines feasibility by incentive constraints and does not require
a public-randomization device, and Mylovanov and Tröger (2014) who allow for continuum type
spaces in settings with private values and quasilinear utility.
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to any such list of beliefs a set of lists of payoff vectors by applying the signals to
the beliefs. Combining this correspondence with Ψ, we obtain a correspondence
that has a fixed point by Kakutani’s Theorem.

A fixed point consists of, for each signal, a belief and a payoff vector that
belongs to the signal at this belief such that the beliefs are consistent with the
sender’s optimal choice among signals, subject to the restriction that each signal
is selected with some minimal ”trembling” probability by each type.

We consider a sequence of fixed points with trembling probabilities tending to
0. By choosing an appropriate subsequence, we can guarantee that the sequence
converges. In the limit, there is no trembling restriction so that the beliefs are
fully consistent with the sender’s optimal choice among the signals. Because the
signals are compact, each limit payoff vector belongs to the respective signal at the
limit belief.10 By construction, the maximum of the limit payoff vectors together
with belief b is the composition of the list of limit payoff vectors together with the
limit beliefs. The details of the proof are in the Appendix.

To complete the proof of Remark 2, we drop the finiteness assumption for the
signal space.

We can assume without loss of generality thatM∗ =M.
We endow the universal signal space with the Hausdorff metric for the space

of compact subsets of K. This space is compact (Michael, 1951, cf. Beer, 1955).
Hence, its subspace M has a countable dense subset. Thus, it is sufficient to
extend the conclusion of Lemma 3 to a countable set of signals, as stated below.

Lemma 4. Let P = {P1, P2, . . . } ⊆ M be a countable set of belief-payoff corre-
spondences. Let b ∈ B.

Then there exists U such that (b, U) ∈ K and (bm, Um) ∈ Pm such that Um ≤
U for all m = 1, 2, . . . .

To prove this, we approximate P by larger and larger finite sets to which we
apply Lemma 3. Using a diagonal subsequence argument, we show that a limit
point of the b-feasible allocations obtained for the finite sets has the required prop-
erties. The details are in the appendix.

10The detour through introducing trembles is needed to guarantee that Ψ is convex-valued so
that we can apply Kakutani’s Theorem.
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6 The Admissibility lemma
The following sufficient condition for admissibility is of core importance. It is
widely applicable. In particular, it allows to re-derive virtually all equilibrium
constructions in the existing literature on the informed-principal problem.

Admissibility lemma. Consider a payoff vector U , a belief-payoff correspon-
dence N ⊆ B× IRT and a belief b ∈ B. Suppose that V ≤ U for any composition
(b, ·) of any (·, V ) ∈ K with any element of N .

Then U is universally admissible.

Proof. Consider any signal M . By Lemma 3, there exists a composition
(b, U∗) of some (bM , V ) ∈ M and some element of N . Because M ⊆ K, the
assumption of the Admissibility lemma implies V ≤ U , showing that a deviation
to M can be prevented.

Towards applying the Admissibility lemma, note first that it makes no direct
reference to the signal space, but only to the set of feasible belief-payoff-vector
pairs K. It requires one to find a belief b and a belief-payoff correspondence N
(not necessarily belonging to K!) against which the feasible payoff vectors are
“tested” by forming compositions that lead to the belief b. If compositions are
possible only with feasible payoff vectors below U , then U is universally admis-
sible.

7 Examples
Consider any T ′ ⊆ T . We say that a payoff vector U is T ′-dominated by a payoff
vector V if V (t) ≥ U(t) for all t ∈ T ′, with strict inequality “>” for some t ∈ T ′.
This captures the idea of a Pareto improvement for the principal types in T ′.

A payoff vector U is called safe if U ∈ K(b) for all b ∈ B. For each type
t ∈ T , define11

U(t) = sup
U is safe

U(t).

We call U(t) the maximum safe payoff of type t. Observe that the supremum can
be replaced by a maximum if K is compact; then, (b, U) ∈ K for all b ∈ B.
Hence, if K is composition-closed and compact, then U is a safe payoff vector.

11The maximum of the empty set is defined as −∞.
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Note that the universally admissible set always is a subset of {V | V ≥ U}
because the principal can deviate to any M = B × {U}, where U is safe.

The maximum safe payoff can be interpreted as the highest payoff the princi-
pal can guarantee herself independently of the belief. The corollary below says
that if there is a belief such that no Pareto improvement of the best safe payoff
vector is possible for the principal types, then any point at least as good as the
best safe is admissible.

Corollary 1. Assume that K is composition-closed and compact, and there exists
a belief b ∈ B such that the maximum safe payoff vector U is not T -dominated by
any b-feasible payoff vector. Then the universally admissible set equals {V | V ≥
U} (thus, any admissible set is a superset of this set).

Proof. It is sufficient to show that U is universally admissible.
To see that the assumption of the Admissibility lemma is satisfied withU = U ,

consider N = {U} × B. Consider any composition (b, U∗) of some (b, V ) ∈
K and some element of N . Then U∗ ≥ U by the definition of a composition.
Because N ⊆ K, we have (b, U∗) ∈ K.

Suppose there exists t ∈ T such that V (t) > U(t). Then U∗(t) ≥ V (t) >
U(t), a contradiction to the assumption that U(t) is not T -dominated by U∗.

For illustration, consider a single-unit seller-buyer setting with quasi-linear
preferences and correlated private values (cf. Cella (2008)). The seller’s type is
her valuation t ∈ T = {t = 0, t = 4}. The buyer’s type is her valuation, u = 1 or
u = 5. The prior probabilities of the various valuation pairs are as follows:

u u
t psb = 3/8 pbs = 1/8
t psb = 1/8 psb = 3/8

The seller is the sender. The proposal of any sales mechanism specifying the
probability of trade and a side payment as a function of the players’ messages
(selected from arbitrary finite message spaces) is a possible signal. Any signal
triggers a belief b. Payoffs are determined by a sequential equilibrium in the
continuation game that follows the proposal of the sales mechanism, where the
proposal may be rejected, resulting in no trade. For short, we write b ∈ [0, 1] if
b : (1 − b) are the believed relative likelihoods that the low type versus the high
type has sent the signal. (The prior belief is b∗ = 3/8 + 1/8 = 1/2.) A payoff
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vector U : {0, 4} → IR is b-feasible if

U(4) =
psb

psb + psb
(xsb − qsbt) +

psb

psb + psb
(xsb − qsbt),

U(0) =
psb

psb + pbs
(xsb − qsbt) +

pbs
psb + pbs

(xbs − qbst),

where the type-dependent payments, (xsb, x
b
s, x

s
b, x

sb), and the type-dependent
probabilities that the buyer gets the good, (qsb, q

b
s, q

s
b , q

sb), satisfy the participa-
tion and incentive constraints of the buyer ((5), (6), (7), (8)) and of the seller ((9),
(10), (11), (12)):12

bpsb(qsbu− xsb) + (1− b)psb(qsbu− xsb) ≥ 0, (5)
bpbs(q

b
su− xbs) + (1− b)psb(qsbu− xsb) ≥ 0, (6)

bpsb((qsb − qbs)u− xsb + xbs) + (1− b)psb((qsb − qsb)u− xsb + xsb) ≥ 0, (7)
bpbs((q

b
s − qsb)u− xbs + xsb) + (1− b)psb((qsb − qsb)u− xsb + xsb) ≥ 0, (8)

U(0) ≥ 0, (9)
U(4) ≥ 0, (10)
psb(xsb − xsb − t(qsb − qsb)) + pbs(x

b
s − xsb − t(qbs − qsb)) ≥ 0, (11)

psb(x
s
b − xsb − t(qsb − qsb)) + psb(xsb − xbs − t(qsb − qbs)) ≥ 0. (12)
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U

The Mathematica figure shows the best safe payoff vector U and areas of the
feasibility sets. If b is chosen sufficiently close to 1, then U is not T -dominated

12To guarantee compactness of K, we also impose (arbitrarily large) finite bounds on payments
which are omitted below.
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by any b-feasible payoff vector. Thus, Corollary 3 implies that the universally
admissible set equals {V | V ≥ U}.

In many settings, the sender can secure her maximum safe payoff, that is,

U(t) = sup
M∈M∗

min
(b,U)∈M

U(t). (13)

(One way of verifying the condition is to take a mechanism that yields the maxi-
mum safe payoff vector for all beliefs, and then perturb this mechanism to obtain
approximately the maximum safe payoff vector in the unique (perfect-Bayesian)
equilibrium of that mechanism.)

Then we can drop the universality condition from Corollary 3 and have the
following:

Corollary 2. Assume that K is composition-closed and compact and there exists
a belief b ∈ B such that the safe payoff vector U is not T -dominated by any b-
feasible payoff vector. Also assume that (13) holds. Then the admissible set equals
{V | V ≥ U}.

This captures the equilibrium constructions in Maskin and Tirole (1992), Iz-
malkov and Balestrieri (2012), Koessler and Skreta (2015).

In a number of settings, Corollary 2 and Corollary 3 do not apply because the
best safe point is Pareto dominated for all beliefs. We provide a different corollary
that is useful for such settings.

A payoff vector is called strongly neologism-proof if it is not supp(b)-dominated
by any b-feasible payoff vector for any b ∈ B.13

Corollary 3. Any strongly neologism-proof payoff vector is universally admissi-
ble.

Proof. Suppose that U is strongly neologism-proof. We apply the Admissi-
bility lemma with N = {U} × B and any b with supp(b) = T . Consider any
composition (b, ·) of any (b, V ) ∈ K with an element of N . Then V (t) ≥ U(t)
for all t ∈ suppb, by the definition of a composition.

Suppose that V (t) > U(t) for some t ∈ T . Then t ∈ suppb by the definition
of a composition, implying that, at the belief b, the payoff vector U is supp(b)-
dominated by V .

13For simplicity, the definition here, in contrast to Mylovanov and Tröger (2012), does not take
account of “happy types”. Also note that here we do not require that a strongly neologism-proof
is feasible for any belief.
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Corollary 3 captures the equilibrium constructions in Maskin and Tirole (1990)
and Mylovanov and Tröger (2012, 2014, 2015).

We also have that the characterization of strong neologism-proofness obtained
in Mylovanov and Tröger (2014) extends to all perfect-Bayesian equilibria if we
use the universal signal space.

Remark 3. Consider any principal-agents setting with finite type spaces, private
values, and quasilinear preferences, as in Mylovanov and Tröger (2014). Then a
payoff vector is universally admissible if and only if it is strongly neologism-proof.

Proof. (For this result, one may interpret beliefs in the standard probability
sense.) “if” holds generally from Corollary 3. To see “only if”, consider the
signal M∗, for all b ∈ B,

M∗(b) = {U b-feasible | η(b′) ≤ Et∼b′ [U(t)] for all b′ ∈ B},

where η(b′) denotes the maximum ex-ante expected payoff for the principal among
all b′-feasible payoff vectors.

Consider any universally admissible payoff vector U∗. Hence, there exists
b ∈ B and U ∈ M∗(b) such that U ≤ U∗. Thus η(b′) ≤ Et∼b′ [U

∗(t)] for all
b′ ∈ B. Thus, U∗ satisfies the envelope characterization in Mylovanov and Tröger
(2014), showing that U∗ is strongly neologism-proof.

The next example demonstrates that the Admissibility lemma extends the pos-
sibility of constructing equilibria beyond the settings captured by Corollary 1,
Corollary 2, and Corollary 3.

Consider a single-unit seller-buyer setting with quasi-linear preferences and
interdependent values. The private information is stochastically independent across
players. The seller’s type is her valuation t ∈ T = {t = 0, t = 3}. The buyer’s
type is low (with prob. 1/3) or high (with prob. 2/3), and her valuation depends
on both players’ types as follows:

low high
t 1 2
t 1 5

The seller is the sender. The proposal of any sales mechanism specifying the
probability of trade and a side payment as a function of the players’ messages is
a possible signal. Any signal triggers a belief b. For short, we write b ∈ [0, 1] if
b : (1 − b) are the believed relative likelihoods that the low type versus the high
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type has sent the signal. Payoffs are determined by a sequential equilibrium in the
continuation game that follows the proposal of the sales mechanism, where the
proposal may be rejected, resulting in each player getting the good with probabil-
ity 1/2, as in a partnership dissolution. The feasibility sets are determined by the
standard incentive and participation constraints. Relevant areas of the feasibility
sets look as in the Mathematica figure below.

0 1 2 3 4

1.0

1.2

1.4

1.6

1.8

2.0

2.2

2.4

U

U ′

U ′′

The maximum safe point U allocation is Pareto dominated for all beliefs, so
that Corollary 1 and Corollary 2 cannot be applied. Also, none of the 0.6-feasible
payoff vectors is strongly neologism-proof. Hence, for the prior b∗ = 0.6 (and
similar priors), no equilibrium point can be found using Corollary 3.

We find a necessary condition for admissibility by using the tilting points U ′

and U ′′. Let b̂ ≈ 0.8 denote the belief at which both U ′ and U ′′ belong to the
feasibility frontier. The sender can deviate to the signal M with14

M(b) =


U ′ if b > b̂,

U ′U ′′ if b = b̂,

U ′′ if b < b̂.

This shows that the universally admissible set belongs to

Z = {V |∃U ∈ U ′U ′′ : V ≥ U}.

We will now use the Admissibility lemma to show that the universally admissible
set equals Z.

We verify the assumption of the Admissibility lemma, take any b, where b̂ <
b < 1, and U ∈ U ′U ′′. Let N = B × {U}. Consider a composition of N with

14The upper bar below denotes the line segment.
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some (b, V ). Suppose that V (t) > U(t). Then either V (t) < U(t), hence b = 0
by definition of a composition, contradicting (b, V ) ∈ K (see the figure). Or
V (t) > U(t), hence b = b and b ≤ b̂ (see the figure), contradicting b̂ < b.

Suppose that V (t) > U(t). Then either V (t) < U(t), hence b = 1 by defini-
tion of a composition, but (b, V ) ∈ K implies b 6= 1 (see the figure), a contradic-
tion. Or V (t) ≥ U(t), hence b ≥ b > b̂ using the definition of a composition, but
(b, V ) ∈ K implies b ≤ b̂ (see the figure), a contradiction.

We conclude that V ≤ U . Thus, by the Admissibility lemma, U is admissible.
This completes the proof.

8 Appendix
Proof of Lemma 1. Consider any belief-payoff-vector pair (b, U) that is the com-
position of some (bk, Uk)k=1,...,K (K ≥ 1).

Let T ′ = {t ∈ T | b(t) > 0}. For each t 6∈ T ′, fix some k with Uk(t) ≥ Ul(t)
for all l 6= k; without loss of generality, we can assume that ck(t) = 1. That is,
the types in T \ T ′ are actively choosing from at most |T \ T ′| points.

Denote T ′ = 1, . . . , |T ′|. Given (b, U), (bk, Uk)k=1,...,K , and (ck(t))k=1,...,K, t∈T\T ′ ,
let C denote the set of vectors

γ = (ck(t))k=1,...,K, t∈T ′ ∈ IR|K|×T
′

that satisfy the conditions given in the definition of the composition. For each
γ ∈ C, let p(γ) = {(k, t) | ck(t) > 0} and let

x(γ) = |{k | ∃t ∈ T ′ : ck(t) > 0}|.

Among all γ ∈ C, take one point γ = γ∗ with a minimal |p(γ)|.
It is sufficient to show that x(γ∗) ≤ |T ′|. This means that according to γ∗ the

types in T ′ are actively choosing from at most |T ′| points, so that the types in T
are actively choosing from at most |T ′|+ |T \ T ′| = |T | points.

For each k, let t1k, . . . , t
pk
k (pk ≥ 0) denote the list of types t ∈ T ′ such that

(k, t) ∈ p(γ∗).
Observe that γ = (ck(t))k=1,...,K, t∈T ′ ∈ C if (i) ck(t) = 0 for all (k, t) ∈

(K × T ′) \ p(γ∗), (ii) ck(t) ≥ 0 for all (k, t) ∈ p(γ∗), (iii)

bk(t
i
k)ck(t

i+1
k )b(ti+1

k ) = ck(t
i
k)b(t

i
k)bk(t

i+1
k ) for all k, i = 1, . . . , pk − 1, (14)
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and (iv) ∑
k

ck(t) = 1 for all t ∈ T ′.

To show that γ ∈ C, we have to show (3). Fix a k. Recall first that conditions (3)
are void if pk = 0.

Consider the cases pk ≥ 1. Then (3) is satisfied for all t′′ ∈ T with (k, t′′) 6∈
p(γ∗) because (3) with γ = γ∗ (together with any (k, t′) ∈ p(γ∗)) implies bk(t′′) =
0. By symmetry, (3) is satisfied for all t′ ∈ T with (k, t′) 6∈ p(γ∗).

Assume now that (k, t′) ∈ p(γ∗) and (k, t′′) ∈ p(γ∗) so that bk(t′) > 0 and
bk(t

′′) > 0 from (3) with γ = γ∗.
If pk = 1 then t′ = t′′ so that (3) is trivial.
If pk = 2, then (3) is immediate from (14).
Consider the case pk ≥ 3. Then (3) with t′ = tik and t′′ = ti+2

k follows because

bk(t
i+1
k )bk(t

i
k)ck(t

i+2
k )b(ti+2

k ) = bk(t
i+2
k )bk(t

i
k)ck(t

i+1
k )b(ti+1

k )

= bk(t
i+2
k )bk(t

i+1
k )ck(t

i
k)b(t

i
k),

and we can divide both sides by bk(ti+1
k ) > 0 because (k, ti+1

k ) ∈ p(γ∗). The
general case t′ = tik and t′′ = ti+jk follows by induction, thus completing the
argument that (3) holds so that γ ∈ C.

In the Euclidian space IR|K|×T
′

of vectors γ = (ck(t))k=1,...,K, t∈T ′ , the condi-
tions (i) define a p(γ∗)-dimensional subspace. Conditions (iii) yield∑

k, pk≥1

(pk − 1) = |p(γ∗)| − x(γ∗)

linear equations, and conditions (iv) yield |T ′| linear equations. In summary, con-
ditions (i), (iii) and (iv) define an affine subspace of dimension

≥ |p(γ∗)| − (|p(γ∗)| − x(γ∗) + |T ′|) = x(γ∗)− |T ′|.

Suppose that x(γ∗) > |T ′|. Then the subspace has dimension ≥ 1. That is, there
exists a non-zero vector δ = (dk(t))k=1,...,K,t=1,...,|T ′| ∈ IRK×|T ′| such that

C ′ def
= {γ | ∃z ∈ IR : γ = γ∗ + zδ, (ii)} ⊆ C.

The point γ∗ ∈ C ′ and satisfies all conditions (ii) with strict inequalities. Because
C and, hence, C ′ is compact, there exists a largest z = z′ such that γ∗ + zδ ∈ C ′.
By maximality, for the point (c′k(t))k=1,...,K,t=1,...,|T ′|

def
= γ∗ + z′δ ∈ C ′ there exists
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(k, t) ∈ p(γ∗) such that c′k(t) = 0. Thus, |p(γ)| < |p(γ∗)|, contradicting the
minimality property of γ∗.

Proof of lemma 2. Consider a composition (b, U) of points (bm, Um)m=1,...,M

(M ≥ 1) in K. Let cm(t) denote corresponding choice probabilities, so that

bm(t′)cm(t′′)b(t′′) = cm(t′)b(t′)bm(t′′) for all t′, t′′ ∈ T. (15)

Because (bm, Um) ∈ K, this point is composed out of points (bmk , U
m
k )k=1,...,Km

(Km ≥ 1) in K. Let cmk (t) denote corresponding choice probabilities, so that

bmk (t′)cmk (t′′)bm(t′′) = cmk (t′)bm(t′)bmk (t′′) for all t′, t′′ ∈ T. (16)

It remains to show that (b, U) is the composition of the points (bmk , U
m
k )m=1,...,M, k=1,...,Km .

Define choice probabilities as cm,k(t) = cm(t)cmk (t). By construction, we obtain
the first defining property of a composition,

U(t) = max
k=1,...,K, k=1,...,Km

Um
k (t).

Moreover, if cm,k(t) > 0, then cmk (t) > 0 and cm(t) > 0, implying the second
defining property of a composition,

Um
k (t) = Um(t) ≥ Un(t) ≥ Un

l (t) for all n and l.

It remains to verify the third defining property,

bmk (t′)cm,k(t
′′)b(t′′) = cm,k(t

′)b(t′)bmk (t′′) for all t′, t′′ ∈ T. (17)

Observe that

bm(t′)bmk (t′)cm,k(t
′′)b(t′′) = bm(t′)bmk (t′)cm(t′′)cmk (t′′)b(t′′)

(15)
= bm(t′′)bmk (t′)cm(t′)cmk (t′′)b(t′)
(16)
= bm(t′)bmk (t′′)cm(t′)cmk (t′)b(t′)

= bm(t′)cm,k(t
′)b(t′)bmk (t′′).

We can divide by bm(t′) and conclude (17) if bm(t′) 6= 0. The same conclusion
applies bm(t′′) 6= 0.

It remains to consider the case in which bm(t′) = 0 and bm(t′′) = 0. Because
bm(t̂) 6= 0 for some t̂, (15) with t′′ replaced by t̂ then implies cm(t′)b(t′) = 0.
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Thus, cm,k(t′)b(t′) = 0, showing that the right-hand side of (17) vanishes. Simi-
larly, the left-hand side of (17) vanishes.

Suppose thatK is compact. First note thatK is bounded becauseK is bounded.
To see that K is closed, consider a sequence (bm, Um)m=1,2,... → (b∗, U∗), where
(bm, Um) ∈ K. By Lemma 1, (bm, Um) is the composition of points (bmk , U

m
k )k=1,...,|T |.

Let cmk (t) denote corresponding choice probabilities. Taking subsequences, we
can assume without loss of generality that (bmk , U

m
k ) → (b∗k, U

∗
k ) and cmk (t) →

c∗k(t) for all k and t. It is then straightforward to see that (b∗, U∗) is the composi-
tion of (b∗k, U

∗
k ) with choice probabilities c∗k(t).

Proof of Lemma 3. Fix any ε > 0. Denote by U the (compact) convex hull of
∪P∈P,b′∈BP (b′). Define, for any list of payoff vectors (UP )P∈P , UP ∈ U the set

Ψ((UP )P∈P) = arg max
(cP (·))P∈P

∑
t∈T

∑
P∈P

UP (t)cP (t)

s.t.
∑
P∈P

cP (t) = 1 for all t, (18)

cP (t) ≥ ε for all P, t.

For later use, denote the feasible set of this problem by Cε. By Berge’s (1963)
Maximum Theorem, the correspondence

Ψ : U |P| −→ IR|T |·|P| is upper hemi-continuous.

Moreover, by the linearity of the objective and the convexity of the feasible set,

Ψ is convex-valued.

For any cP = cP (·), define Q(cP ) ∈ B by

Q(cP )(t) =
b(t)cP (t)∑

t′∈T b(t
′)cP (t′)

for all t ∈ T.

Define a correspondence

C : U |P| × Cε −→ U
|P| × Cε

by

C((UP )P∈P , (cP )P∈P) = (P (Q(cP )))P∈P ×Ψ((UP )P∈P).
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Because Q is continuous, the correspondence C is upper-hemicontinuous and
convex-valued. Moreover, U |P| × Cε is convex and compact. Hence, by Kaku-
tani’s Theorem, C has a fixed point

((UP,ε)P∈P , (cP,ε)P∈P) .

By definition of Ψ, for any t,

if cP,ε(t) > ε then UP,ε(t) ≥ UP ′,ε(t) for all P ′ ∈ P . (19)

Now choose a sequence εl → 0 such that

bP,εl
def
= Q(cP,εl)→ b∗P for some b∗P ∈ B,

for all P . By choosing a subsequence, we can also guarantee that

UP,εl → U∗P for some U∗P ∈ U , (20)

and, for all t ∈ T ,

cP,εl(t)→ c∗P (t) for some c∗P (t) ≥ 0.

Hence,
sP,εl

def
=

∑
t′∈T

b(t′)cP,εl(t
′)→ s∗P

def
=

∑
t′∈T

b(t′)c∗P (t′).

Observe that, by the definition of the fixed point,

UP,εl ∈ P (bP,εl) for all l.

Taking the limit l → ∞ and using the upper-hemicontinuity of P , we obtain the
conclusion

U∗P ∈ P (b∗P ). (21)

By construction, for all P and t,

b∗P,εl(t)s
∗
P,εl

= c∗P,εl(t)b(t).

Taking the limit l→∞, we obtain

b∗P (t)s∗P = c∗P (t)b(t) for all P and t. (22)

21



Observe that, for all P ∈ P and t ∈ T ,

if c∗P (t) > 0, then U∗P (t) ≥ U∗P ′(t) for all P ′ ∈ P . (23)

Indeed, if c∗P (t) > 0, then c∗P (t) = liml cP,εl(t), implying cP,εl(t) > εl for all large
l. Hence, (23) follows from (19) and (20).

Also,
∑

P∈P c
∗
P (t) = 1 for all t by (18). Using (22) with t = t′ and t = t′′,

b∗P (t′)c∗P (t′′)b(t′′) = c∗P (t′)b(t′)b∗P (t′′) for all t′, t′′ ∈ T.

The proof is completed by defining U∗(t) = maxP∈P U
∗
P (t) for all t.

Proof of Lemma 4. Let P = {P1, P2, . . . } and apply Lemma 3 to the sets
P l = {Pl, P2, . . . , Pl} (l = 1, 2, . . . ).

For all l, we obtain a payoff vector U∗,l, and, for all m ≤ l we obtain a belief
blm ∈ B and a payoff vector U l

m ∈ Pm(blm) such that

max
m≤l

U l
m(t) = U∗,l(t) for all t ∈ T . (24)

For all l < m, we define blm = bmm and U l
m = Um

m .
By the diagonal subsequence construction, there exists a sequence of natural

numbers (lk)k=1,2,... such that, as k →∞,

U∗,lk → U for some U ∈ U , (25)

and, for all m = 1, 2, . . . ,

blkm → bm for some belief bm, (26)

and
U lk
m → Um for some Um ∈ U . (27)

By compactness of Pm,
Um ∈ Pm(bm).

Moreover, by Lemma 2 and (25), (b, U) ∈ K.
Setting l = lk in (24) and taking the limit k →∞, we find

Um(t) ≤ U(t) for all t ∈ T ,

as was to be shown.
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Proof of Remark 2.
LetH denote the set of compact subsets of K. Thus,M⊆ H.
We endow H with the Hausdorff metric. Recall that the Hausdorff distance

between any two sets M,M ′ ∈ H is defined as

dH(M,M ′) = max{ max
(b,U)∈M

dist((b, U),M ′), max
(b,U)∈M ′

dist((b, U),M)},

where we define

dist(x,M) = min{d(x, y) | y ∈M},

and d(x, y) refers to any metric on IR2|T |.
Because K is compact, the spaceH with the Hausdorff metric is also compact

(Michael, 1951, cf. Beer, 1975). Hence,H is separable and so is its subspaceM;
let P denote a countable dense subset. Apply Lemma 4 with P .

Consider any M ∈ M. Then there exists a sequence (Pm)m=1,2,... with Pm ∈
P (m = 1, 2, . . . ) such that Pm →M in the sense of the Hausdorff metric.

Applying Lemma 4, and choosing convergent subsequences, we can guarantee
that

bm → b̂, Um → Û

for some (b̂, Û) ∈ K. Hence, Û(t) ≤ U(t) for all t ∈ T .
By the definition of the Hausdorff metric dH ,

dist((bm, Um),M)→ 0.

Therefore, dist((b̂, Û),M) = 0, implying

Û ∈M(b̂),

as was to be shown.
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