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LINEAR VOTING RULES

HANS PETER GRÜNER AND THOMAS TRÖGER 1

How should a society choose between two social alternatives if participation in the decision
process is voluntary and costly, and monetary transfers are not feasible? Assuming symmetric
independent private values, we show that it is utilitarian-optimal to use a linear voting rule: votes
get alternative-dependent weights, and a default obtains if the weighted sum of votes stays below
some threshold. Any combination of weights and threshold can be optimal. A standard quorum rule
can be optimal only when it yields the same outcome as a linear rule. A linear rule is called upper
linear if the default is upset at every election result that meets the threshold exactly. We develop
a perturbation method to characterize equilibria of voting rules in the case of small participation
costs and show that leaving participation voluntary increases welfare for any two-sided upper
linear rule that is optimal under compulsory participation.

1. INTRODUCTION

Participating in collective decision procedures is typically individually costly. Thus, if
participation is voluntary then those for whom too little is at stake will abstain. This
is a non-trivial issue in modern societies in which a vast range of decisions in pub-
lic agencies, boards of companies, committees, parliaments, congressional and party
caucuses and private and professional associations are reached democratically. From
a welfare point of view, there is a trade-off between aggregating preferences while at
the same time saving on participation costs. This raises important practical questions.
Which decision rules should institutions use for different issues to maximize the welfare
of their members? Should participation be voluntary or compulsory? Is it always desir-
able to lower participation costs when this is feasible? This paper delivers new insights
on these questions using mechanism design theory.
We derive our results from a Bayesian model in which each individual is privately in-
formed about her preferences over two social alternatives and about her preference in-
tensity relative to the cost of participating in the decision. Such a private-values setup
is well suited to capture many practical applications of voting which are bestridden by
material conflicts among the individuals. Assuming private values allows us to study the
probability of being pivotal as the crucial determinant of an individual’s participation
decision.1
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We build a model that is symmetric across the individuals that constitute the electorate.
Symmetry across the social alternatives, S(tatus quo) and R(eform), is not required. We
allow for arbitrary anonymous mechanisms with voluntary participation, simultaneous
moves, and no monetary transfers.2 A mechanism together with a symmetric Bayes-
Nash equilibrium is optimal if it maximizes the agents’ ex-ante expected utility. Without
loss of generality, we restrict attention to mechanisms that are voting rules, that is, each
individual chooses among at most three actions that can be interpreted as voting for R,
voting for S, and abstention.
We have two main contributions. First, we show that any optimal voting rule with vol-
untary participation is, up to outcome-equivalence, linear. In a linear rule (see Figure
1 for examples), there is a weight assigned to each R-vote and a weight assigned to
each S-vote. Alternative R gets implemented if the difference between the total weight
of the R-votes and the total weight of the S-votes exceeds a given, possibly negative,
threshold that we call the default bias. Alternative S gets implemented if the difference
falls short of the default bias. In other words, in the space of election results there is a
linear cutoff line that separates the region in which R is implemented from the region
in which S is implemented. The definition encompasses one-sided rules, in which the
weight for one of the alternatives is zero, and qualified majority rules, which have a
default bias of zero. Importantly, we show that any combination of weights and default
bias is consistent with some rule that is uniquely optimal given some distribution of
preferences. Thus, no combination can be excluded.
Laruelle and Valenciano (2011) cover linear rules in their taxonomy of “weighted anony-
mous quaternary voting rules”. They show that qualified majority rules with a range of
different majority requirements are used in political institutions, and also that one-sided
linear rules are used.3 Thus, certain linear rules are commonly used. But since linear
rules that are neither a qualified majority rule nor a one-sided rule can be optimal as
well, our results also yield novel recommendations for the design of voting rules.
It is important to distinguish the class of linear rules from the standard quorum rules. Ac-
cording to a participation or approval quorum rule, upsetting the default alternative re-
quires both a minimum number of cast votes (in total or votes favoring the non-default)
and a qualified majority among all cast votes (cf. Figure 3).4 Requiring a minimum

common values. Here, voters may abstain for informational reasons even when there is no participation cost
(Feddersen and Pesendorfer, 1996). A major question addressed in this literature is whether in equilibrium
the voters’ private information is successfully aggregated (Feddersen and Pesendorfer, 1997).

2The analysis of compulsory participation is equivalent to the analysis of voting without a participation
cost (cf. Barberà and Jackson, 2006, Schmitz and Tröger, 2012).

3According to Laruelle and Valenciano (2011, Example 5), the Estonian parliament, the French National
Assembly, the Hungarian National Assembly, the National Council of the Slovak Republic and the Spanish
Congress of Deputies all apply a one-sided rule where the number of affirmative votes must represent a
majority of the number of all MPs (present and absent).

4From the outset of democracy, collective decisions were made both with and without quorum require-
ments. In the Athenian Assembly, some decisions, such as the decision to confer citizenship on a non-
Athenian, required a quorum of 6000 citizens and were made by secret ballots (cf. Blackwell, 2003). Today,
diverse institutions apply quorum rules, including e.g. several committees of the British House of Commons,
the parliament of Canada or the National Assembly of Pakistan, boards of Lions Clubs, company boards in
India or German parent-teacher-conferences. For quorum rules used in practice, see also Laruelle and Valen-
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FIGURE 1.— Three examples of linear rules that can be optimal in settings with four agents.
Each rule specifies the probability of implementing the reform R as a function of the number of
votes in favor ofR and of the status quo S. In each example, the entry “0” in the lower-left corner
indicates that the reform is implemented with probability 0 if the election results is zero votes
for R and zero votes for S; the entry “1” in the lower-right corner indicates that the reform is
implemented with probability 1 if the election results is four votes forR and zero votes for S. For
each rule, one can draw a linear cutoff line that separates the regions of status quo and reform.
The left rule is one-sided; the reform is implemented if and only if it is supported by at least two
voters. According to the middle rule, the reform is implemented if and only if the reform gets at
least two more votes than the status quo. The rule on the right decides according to the majority
of votes, with particular specifications in case of a tie.

number of votes can be seen as “a simple way of protecting the status quo” (Maniquet
and Morelli, 2015). Once the quorum is reached, the quorum rule switches from status
quo protection to caring about the majority. This is reflected in a kink of the cutoff line
that separates the outcomes S and R. In contrast to that, a linear rule can be seen as
providing a steady transition from the default-protection mode to the majoritarian mode
as turnout increases.5 In our model, an appropriately chosen linear rule allows for a
higher welfare than all non-linear quorum rules whenever optimality requires participa-
tion on both sides of the electorate.6 Only when one-sided participation is optimal, an
appropriate quorum rule yields the same outcome as an optimal linear rule.
An important special case of the costly-voting model is the neutral preference setting
(cf. Börgers, 2004). Here, both alternatives are equally likely to be preferred with any
given intensity. A rule is called neutral if it treats both alternatives identically. We pro-
vide examples showing that there exist neutral settings in which no neutral rule is opti-

ciano (2011, Example 1), Corte-Real and Pereira (2004) and Herrera and Matozzi (2010).
5Hüller (2006) argues in favour of a steady transition. “Je höher die prozentuale Zustimmung innerhalb

eines Volksentscheids, desto geringer fällt das Beteiligungsquorum aus.” (2006, p. 831); translation: “The
larger the relative share of reform votes, the smaller the participation quorum.” Hüller’s specific proposal
(2006, Figure 1) of a quorum requirement that is proportional to the relative share of reform votes leads to a
mechanism that is non-linear according to our terminology.

6Another class of voting rules that are suboptimal in our model are rules in which the probability that
each alternative is implemented is a strictly increasing function of its vote share. Proportional representation
systems which are common in many democracies are sometimes modelled via such rules (e.g, Faravelli and
Sanchez-Pages, 2015).
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mal. Thus, the ability to implement a non-neutral rule can be crucial.
An obstacle to the practical implementation of a non-neutral rule can be the lack of
criteria for mapping the two social alternatives into the model variables R and S. This
problem can, for example, apply to situations in which the available alternatives are two
non-incumbent candidates running for an office. In such situations, only rules that are
neutral may be feasible. Specializing our analysis to neutral rules in a neutral preference
setting, the standard voluntary majority rule is always optimal. This may be seen as a
justification for the widespread use of the standard majority rule. At the same time,
the result emphasizes the importance of the class of linear rules because the standard
majority rule is the unique neutral linear rule.
Our second main contribution concerns a long-standing issue in voting theory: are there
cases in which institutions should enforce participation in a vote? We show that an in-
stitution designer with very limited information about the environment always prefers
voluntary participation over compulsory participation. For technical reasons (see be-
low), we restrict attention to settings with a small participation cost that can be obtained
as perturbations of the setting without a participation cost. Given our model, the only
information the designer needs about individuals’ preferences in order to implement
an optimal rule with compulsory participation is a single number: the ratio between
the expected valuations of reform supporters and opponents (cf. Rae, 1969, Barberà
and Jackson, 2006). This allows her to set the optimal qualified majority threshold. We
show that leaving participation voluntary will increase equilibrium welfare under every
two-sided upper linear rule with the optimal majority threshold (a linear rule is called
upper linear if the reform is implemented with probability 1 for any election result on
the cutoff line, or, equivalently, if the cutoff line can be chosen such that no election
result is on the cutoff line, such as in the left and middle examples in Figure 1). Thus,
making participation voluntary in a low-cost environment is socially beneficial whether
or not the design of the rule takes abstention into consideration optimally (note that the
same conclusion is trivially true if the participation cost is sufficiently large).

Further results and relation to the literature

Ledyard (1984) and Palfrey and Rosenthal (1985) introduce the costly-voting setting
with private values7 on which we build our model.8 They analyze the standard volun-
tary majority rule, mainly considering a setting in which the numbers of R-supporting
agents and S-supporting agents are common knowledge. We instead follow much of
the subsequent literature in assuming that preferences are drawn independently across
agents. We also show that our linearity result extends to the orginal Ledyard-Palfrey-
Rosenthal setting.
Concerning the welfare comparison of voting rules, a seminal contribution is Börgers
(2004) who compares voluntary and compulsory participation under the standard major-

7Palfrey and Rosenthal (1983) analyze costly voting with complete information. See Nöldeke and Pena
(2016) for equilibrium existence and further comparative statics results in this setting.

8For costly participation in auctions, see Celik and Yilankaya (2009) and Cao et al. (2018).
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ity rule.9 He shows that voluntary participation yields a higher welfare if the preference
setting is neutral across alternatives. Taken together with our result that the voluntary
majority rule is optimal among all voluntary neutral rules, one obtains a fundamental
conclusion: the standard voluntary majority rule is optimal among all neutral rules,
whether one assumes compulsory participation or voluntary participation.
Krasa and Polborn (2009) point out that Börgers’ result depends on the neutral prefer-
ence setting. If ex-ante one alternative is sufficiently more likely to be preferred than the
other, then participation will be inefficiently low under the standard voluntary majority
rule so that a voting subsidy will increase welfare. The same conclusion applies if types
are sufficiently strongly correlated, implying that enhancing the voluntary majority rule
with a preelection opinion poll reduces welfare (Goeree and Grosser, 2007).
Further results on welfare have been obtained in the large-population limit. Campbell
(1999) shows that, in the limit, voting under a majority rule with voluntary participation
will be dominated by the most strongly affected voters, precluding efficiency. Krishna
and Morgan (2015) provide a contrasting result by assuming heterogeneous participa-
tion costs with a positive density at 0: the standard majority rule is utilitarian optimal
in the limit if the distribution of participation costs is identical on the two sides of the
electorate.10 Both this preference specification as well as Campbell’s are special cases
of ours.
An institution designer may be interested in promoting turnout in order to lend “legiti-
macy” to a collective decision (Qvortrup, 2005). The earlier literature has investigated
turnout under specific voting rules. Palfrey and Rosenthal (1985) consider the standard
majority rule and provide comparative statics of turnout with respect to participation
cost and population size. Using numerical methods, Aguiar-Conraria and Magalhães
(2010) provide numerical results which show that augmenting a majority rule by a quo-
rum requirement has an ambiguous effect on aggregate turnout. These examples also
suggest that the problem of strategic abstention of the status-quo-supporters in quorum
rules is more severe with a participation quorum than with an approval quorum. Using
a large-population Poisson model, Maniquet and Morelli (2015) provide a formal result
on this: due to strategic abstention, a planner prefers an approval quorum rule over a
participation quorum rule even if with sincere voting she would be better off under the
latter rule. Herrera et al. (2014), who’s main interest is an experiment, compare turnout
across the majority rule and the “proportional power sharing rule”.
An important theme in the literature on turnout is the “underdog compensation effect”
in situations in which one alternative is supported by an expected minority. The effect
refers to turnout among the underdog supporters being higher than turnout among the
supporters of the opposite alternative, in a neutral voting rule. Ledyard (1984) demon-
strates the underdog effect for the standard majority rule under the assumption that
the conditional distributions of the R- and S-agents’ preference intensities are equal.
Making an equivalent assumption, Herrera et al. (2014) extend the underdog effect to

9Further welfare comparisons can be found in the working paper Börgers (2000); e.g., a case in which a
one-sided linear rule yields a higher welfare than the standard majority rule.

10This result is robust to various specifications of uncertainty of the population size, including Poisson
uncertainty as introduced by Myerson (1998).
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proportional power-sharing rules, and Kartal (2014) to all “regular voting rules”.11 Tay-
lor and Yildirim (2010) show that the underdog effect is reversed if (i) each agent is
equally likely to prefer S andR and (ii) the S-agents’ conditional distribution of prefer-
ence intensities stochastically dominates the R-agents’ conditional distribution. Myatt
(2015) shows that substantial turnout can occur in a large population if valuations are
correlated, and under a weak condition the minority’s preferred candidate can win the
election.
Our linearity result can be extended to incorporate a concern for turnout: maximizing a
weighted average of R-agents’ turnout, S-agents’ turnout, and expected utility, again
leads to a linear voting rule.
There is a growing literature on the design of utilitarian-optimal voting rules when there
is no participation cost (or, equivalently, when voting is compulsory).12 Rae (1969) con-
siders the class of qualified majority rules. Barberà and Jackson (2006) consider the
optimal two-stage aggregation of preferences and use their results to characterize the
optimal voting rules at the level of the European Union. Schmitz and Tröger (2012) em-
phasize the potential importance of weak-majority rules when valuations are correlated
across agents. Azrieli and Kim (2014) characterize the interim-efficient rules again with
stochastically independent valuations. Drexl and Kleiner (2018) show that a qualified
majority rule is utilitarian optimal among anonymous deterministic dominant-strategy
rules even when transfers are feasible, provided that any budget imbalance is counted as
a loss of welfare. Gershkov et al. (2017) characterize optimal voting rules in dominant
strategies in a model with more than two social alternatives.
Concerning the design of optimal voting rules with costly participation, a dominant-
strategy requirement is rather restrictive—not even majority rules have a symmetric
dominant-strategy equilibrium. Relying on implementation in Bayes-Nash equilibrium,
Kartal (2014) shows that in a preference setting that is neutral across alternatives, the
standard majority rule is optimal among “regular” voting rules. Faravelli and Sanchez-
Pages (2015) analyze convex combinations of the standard majority rule and the rule in
which the probability of implementing reform equals the share of reform votes, finding
that welfare increases in the weight of the majority rule in neutral or almost neutral set-
tings. Bognar et al. (2015) allow for asymmetric participation costs, but assume away
any uncertainty about preference intensities. They show that, if both alternatives are
equally attractive ex-ante, then the first best allocation can be implemented in a se-

11Regularity requires in particular that the voting rule is neutral and that the impact of an additional vote
in favor of the minority is at least as strong at the impact of an additional vote in favor of the majority. To see
that the underdog effect can fail without regularity, consider in a setting with two agents the weak majority
rule (cf. Schmitz and Tröger, 2012) that implements each alternative with probability 1/2 unless both agents
participate and vote unanimously for one alternative. If the participation cost is small then—independently
of which alternative is the underdog—there exists an equilibrium with a positive participation rate among
S-agents and zero participation of R-agents.

12A setting with two alternatives can be interpreted as a binary-public-good problem. Ledyard and Palfrey
(2002) show that the welfare from any interim-efficient allocation of the public good (with monetary transfers)
can be achieved with a qualified majority rule in the large-population limit. Bierbrauer and Hellwig (2016)
show that if one requires a robust version of coalition-proofness, then all mechanisms other than qualified
majority rules become infeasible.
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quential variant of a one-sided voting rule in which the agents are invited to participate
conditionally on the history of votes.
The rest of the paper organized as follows. After introducing the model in Section 2, we
present our linearity results in Section 3. Section 4 identifies settings in which particular
linear rules are optimal. Section 5 compares voluntary and compulsory participation
and uses our perturbation method to draw further conclusions. Following the conclusion
(Section 6), the appendix contains the central proofs. The remaining proofs are relegated
to an online supplement, which also includes a table of notations.

2. MODEL

Consider n ≥ 2 individuals who have to implement one of two possible social alterna-
tives S and R. We call S the “status quo” and R the “reform”; these labels are arbitrary.
The decision about R versus S is made via a mechanism that determines a social alter-
native depending on the participating individuals’ actions. Each individual may abstain
from the mechanism. We build a model that is symmetric across individuals.

Preferences

Each agent i cares about four outcomesR, iR, S, and iS, whereRmeans that alternative
R is implemented and agent i abstains from participating in the mechanism, iR means
that R is implemented and agent i participates in the mechanism, and similarly for S
and iS. Von-Neumann-Morgenstern preferences over outcome lotteries are represented
in terms of the agent’s private-information type (vi, ci), where vi ∈ R is her valuation
and ci > 0 her participation cost. The agent’s Bernoulli utilities are vi for outcome
R, vi − ci for outcome iR, 0 for outcome S, and −ci for outcome iS.13 The absolute
value of vi/ci captures how intensely the agent feels affected by the collective decision
relative to her participation cost.
Each agent’s type is independently distributed with the c.d.f. F . Let (ṽ, c̃) denote a
random vector with distribution F . The distribution of ṽ/c̃ is denoted F .14 We assume
that F has no atoms, E[|ṽ|] <∞, E[c̃] <∞, and that there can be agents on both sides
of the electorate,

FR = Pr[ṽ > 0] > 0 and FS = Pr[ṽ < 0] > 0.

If (ṽ, c̃) and (−ṽ, c̃) are distributed identically then we say that the environment is neu-
tral.

13Thus, each agent strictly prefers R to iR and S to iS. Moreover, these preferences are equally strong in

the sense that the following indifference between lotteries holds:
(

R iS
1/2 1/2

)
∼
(

iR S
1/2 1/2

)
.

14Much of the earlier literature works with a model in which the valuation ṽ is restricted to a two-point
support such as {−1, 1}. The present model encompasses this as a special case. An alternative modelling
approach that is equivalent to the present one is to make the participation cost a commonly known parameter
and introduce type-dependent welfare weights; cf. Grüner and Tröger (2018).
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Voting mechanisms

A (voluntary) mechanism is a mapping Φ : An → [0, 1], where all individuals i simulta-
neously select actions ai ∈ A, whereA includes a particular actionA (“abstain”) that is
associated with saving the participation cost, and the social alternativeR is implemented
with probability Φ(a1, . . . , an).15 From individual i’s point of view, the resulting lottery
outcome is(

R S
Φ(a1, . . . , an) 1− Φ(a1, . . . , an)

)
if ai = A,

and (
iR iS

Φ(a1, . . . , an) 1− Φ(a1, . . . , an)

)
if ai 6= A.

We restrict attention to anonymous mechanisms, that is, mechanisms that treat all agents
the same: for all action profiles (a1, . . . , an) and all permutations ξ of {1, . . . , n},

Φ(aξ(1), . . . , aξ(n)) = Φ(a1, . . . , an).

Each agent i employs a strategy that specifies an action inA for each type (vi, ci). If all
others employ the strategy σ and individual i of type (vi, ci) takes action ai, then her
(interim) expected utility is

viρ
ai(Φ, σ)− ci1ai 6=A,

where

ρai(Φ, σ) =

∫
Φ(ai, (σ(vj , cj))j 6=i)

∏
j 6=i

dF (vj , cj)

denotes the probability that the social alternative R is implemented, from the point of
view of agent i, given her action ai.
To get a fully symmetric model, we assume that the agents’ behavior does not depend on
their labels when playing the game, that is, we focus on symmetric (Bayesian) equilibria:
all agents employ the same strategy σ, where

σ(vi, ci) ∈ arg max
a∈A

viρ
a(Φ, σ)− ci1a 6=A for all (vi, ci).

Mechanism-equilibrium pairs (Φ, σ) and (Φ′, σ′) are called payoff-equivalent if they
induce the same interim-expected utilities for all types.
Lemma 1 below shows that we can restrict attention to mechanisms with up to three
actions, including A.16 This holds because any participating R-agent chooses an action

15Sequential procedures with delayed participation decisions cannot be studied in this framework. Trans-
forming such a procedure into its normal form would mean that, from an individual’s interim point of view,
her participation can be uncertain and can depend on others’ actions. Cf. Bognar et al. (2015).

16Thus, our analysis will be an instance of mechanism design with finite (specifically, three-elementary)
action spaces. Another such exercise, in the different context of auctions and no participation cost, is Kos
(2012).
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that maximizes the probability of the social alternativeR, and any participating S-agent
chooses an action that minimizes the probability of the social alternativeR; proof details
can be found in the appendix.17

LEMMA 1 For any mechanism-equilibrium pair (Φ, σ), there exists a payoff-equivalent
mechanism-equilibrium pair (Φ′, σ′) such that Φ′ allows at most three actions for each
voter.

Thus it is sufficient to consider voting mechanisms (or rules) in which each agent
chooses among three actions, denoted A, S, and R (for convenience we use the same
notation S and R as for social alternatives). Any such mechanism can be described as
a function M : {(r, s)|r ≥ 0, s ≥ 0, r + s ≤ n} → [0, 1], where M(r, s) denotes the
probability that R is implemented if r agents play R and s agents play S. LetMn de-
note the set of all voting rules. For convenience we will use the notationMrs = M(r, s)
when the arguments r and s are simple enough expressions. Any outcome (r, s) is called
a tally. A voting rule M is deterministic if M(r, s) ∈ {0, 1} for all tallies (r, s).
A special class of voting rules are the R-one-sided rules that are defined by the prop-
erty that Mr,s = Mr,0 for all (r, s), and the S-one-sided rules that are defined by the
property that Mr,s = M0,s for all (r, s). In any equilibrium of a one-sided rule, at
most one side of the electorate—either the S-agents or the R-agents—participate with
positive probability. A voting rule that is not one-sided is called two-sided. A constant
mechanism M has Mr,s = M0,0 for all (r, s); in equilibrium, nobody participates.

Linear voting rules

A voting rule M is called linear if there exist parameters (ξ, ξR, ξS) such that

(1) ξR ≥ 0, ξS ≥ 0, and (ξS > 0 or ξR > 0 or ξ 6= 0),

and, for all (r, s),

Mrs =

{
1 if rξR − sξS − nξ > 0,
0 if rξR − sξS − nξ < 0.

(2)

(Cf. Figure 2.) We call ξ default bias, ξR R-weight, and ξS S-weight.
Linearity entails no condition onMr,s along the “cutoff line” where rξR−sξS−nξ = 0.
A linear rule is called upper linear if all entries on the cutoff line are equal to 1, that is, if
Mrs = 1 for all (r, s) with rξR−sξS−nξ = 0; equivalently, a linear rule is upper linear
if it can be characterized with parameters (ξ, ξR, ξS) such that rξR− sξS −nξ 6= 0 for
all (r, s). E.g., the left and middle rules in Figure 1 are upper linear.
The class of linear rules is — up to the indeterminacy along the “cutoff line” where
rξR − sξS − nξ = 0 — a two-dimensional class of rules because only the relative size
of the three parameters ξ, ξR, and ξS , is relevant.

17Lemma 1, while extending to asymmetric settings, is specific to the case of two social alternatives. Here,
conditional on participation only two different preference relations exist—the agent prefers iR or iS. With
a third social alternative T , post-participation preferences would concern three alternatives, iR, iS, and iT ,
yielding a continuum of post-participation preference relations and accordingly an infinite action set.
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FIGURE 2.— A voting rule maps every vote tally (r, s) into the probability of implementing
alternativeR. For each linear ruleM , there is a cutoff line described by the equation rξR−sξS−
nξ = 0. Below the line, alternative R is chosen; above the line S is chosen. On the cutoff line
there is no restriction.

While a linear rule can weigh votes for one alternative stronger than the votes for the
other alternative (by having ξR 6= ξS), it can at the same time take either alternative
as the “default” (by having ξ 6= 0). The linear rules with default bias ξ = 0 are the
“qualified majority rules”. The standard voluntary majority rule, which is defined by
the property Mr,s = 1 if r > s, Mr,s = 1/2 if r = s, Mr,s = 0 otherwise, is an
example of a qualified majority rule.
A quorum rule (see, e.g., Aguiar-Conraria and Magalhaes, 2010) reacts to a qualified
majority among all cast votes, once a minimum number of votes for reform (“approval
quorum”) or minimum total number of votes (“participation quorum”) is received; a
default obtains if the quorum is not reached (cf. Figure 3). Thus, with the exception of
pathological cases like with n = 2 agents, the standard quorum rules have kinks in the
cutoff line that separates status quo and reform. In contrast to that, a linear rule with
ξ > 0 and ξR > 0 reacts to a qualified majority among (i) the number of votes for
the status quo and (ii) the number of votes that are cast for the reform in addition to a
minimum required number.
A rule is monotonic if no additional vote for either alternative can reduce the probability
that the alternative is implemented; formally, Mr+1,s ≥ Mrs and Mr,s+1 ≤ Mrs. Any
linear rule that can be represented with parameters such that ξR > 0 and ξS > 0
is monotonic.18 Note that such a representation is possible for all upper linear rules
including the one-sided upper linear rules. Approval quorum rules are monotonic as
well, but participation quorum rules are generally not.
In many practical applications the available social alternatives can be unambiguously
mapped into the model variables R and S (say, when there is an actual status quo and
a reform proposal). In some situations, however, the alternatives are interchangeable,
like two new candidates running for an office; in such applications, only rules that are

18An example of a non-monotonic linear rule at population size n = 4 is Mrs = 1r≥2 + 1r=1, s=1.
This rule is represented with parameters such that ξR/ξ = 4 and ξS = 0.
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FIGURE 3.— Examples of a participation quorum rule (left) and an approval quorum rule
(right)

neutral in the sense of treating both alternatives identically may be feasible. Formally, a
voting rule M is neutral if

M(r, s) = 1−M(s, r) for all s and r.

The unique neutral linear rule is the voluntary majority rule.

Equilibria of voting mechanisms

Consider a voting mechanism M and an equilibrium strategy σ. The probability that
alternative R is implemented, from the point of view of an agent who chooses action
a = A,S,R, is denoted P a = ρa(M,σ). We can assume without loss of generality that
PR ≥ PS (exchange the labels of the actions R and S if necessary). Agent i prefers
action R over action A if

vi(P
R − PA) ≥ ci,

and prefers action S over action A if

vi(P
A − PS) ≥ ci.

For any mechanism-equilibrium pair there exists a payoff-equivalent pair such that

(3) PR ≥ PA and, analogously, PS ≤ PA.

To see this, note first that PR = PA if M is S-one-sided. If PR < PA, then all
types with v > 0 will abstain; we can replace the mechanism M by an S-one-sided
mechanism M̂ (if PS < PR < PA, nobody will take action R, otherwise PS = PR <
PA and one first replaces S and R by a single action S by arguing as in the proof of
Lemma 1).
Assuming (3) and using the fact that F has no atoms, any equilibrium strategy σ is
characterized by the pivotality variables ∆R = PR−PA ≥ 0 and ∆S = PA−PS ≥ 0,
via
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σ(vi, ci) =

 R if vi∆R > ci,
S if − vi∆S > ci,
A otherwise.

(4)

In the voting literature, a voter is called pivotal if her vote changes the election outcome
(e.g., Palfrey and Rosenthal, 1983). Our pivotality variables describe by how much each
voter expects to increase the probability of her favored alternative through her partici-
pation.
Via (4) we can take the pair of pivotalities as independent variables and formulate the
equilibrium conditions in terms of (∆R,∆S). An equilibrium requires that the strategy
σ defined via (∆R,∆S) is a best response to itself.
To formulate the equilibrium conditions, we need additional notation. From the point of
view of a given agent, the probability of any particular tally (r, s) (r + s ≤ n − 1) of
others’ votes is given by a multinomial distribution,

n−1

Pr
τR,τS

(r, s) =

(
n− 1

r s

)
(τR)r(τS)s(1− τR − τS)n−1−r−s,(5)

where the R-participation rate τR ∈ [0, FR] denotes the probability that a given other
agent is a participatingR-agent, the S-participation rate τS ∈ [0, FS ] denotes the prob-
ability that a given other agent is a participating S-agent, and

(
n−1
r s

)
= (n−1)!

r!s!(n−1−r−s)! .
If an agent anticipates that the other agents use the strategy defined via (∆R,∆S), then
from (4) she anticipates the participation rates

τR = tR(∆R)
def
= 1−F(1/∆R),

τS = tS(∆S)
def
= F(−1/∆S).

In particular, tR(0) = 0 and tS(0) = 0.
An agent’s best-response will be based on the pair of pivotalities (dR, dS) that she
anticipates given the rule M and the participation pair (τR, τS):

dR(M, τR, τS) =
∑

r+s≤n−1

n−1

Pr
τR,τS

(r, s)(Mr+1,s −Mr,s),

dS(M, τR, τS) =
∑

r+s≤n−1

n−1

Pr
τR,τS

(r, s)(Mr,s −Mr,s+1).

The pivotality pair (∆R,∆S) ∈ [0, 1]2 is called an equilibrium if19

∆R = dR(M, tR(∆R), tS(∆S)),(6)
∆S = dS(M, tR(∆R), tS(∆S)).(7)

Given an equilibrium, any type or player who takes action R (resp., S) is called an
R-voter (resp., S-voter).
Sometimes it will be convenient to describe equilibria not in terms of the pivotalities

19Given an equilibrium (∆R′,∆S ′) with tR(∆R′) = 0, all pairs (∆R,∆S) with ∆R ≤ ∆R′ and
∆S = ∆S ′ represent the same strategy according to (4). Conditions (6) and (7) single out one of these
representations, such that ∆R = dR(M, 0, tS(∆S ′); similar for equilibria with tS(∆S ′) = 0.
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(∆R,∆S), but in terms of the participation rates (τR, τS) ∈ [0, FR]× [0, FS ]. There is
a continuous one-to-one relationship between the equilibrium representations via piv-
otalities and via participation rates:20

(8)
(∆R,∆S) 7→ (tR(∆R), tS(∆S)), (τR, τS) 7→ (dR(M, τR, τS), dS(M, τR, τS)).

We will refer to any (M,∆R,∆S) satisfying (6) and (7) as a mechanism-equilibrium
pair; we say that (M,∆R,∆S) is neutral if M is neutral and ∆R = ∆S . Via the
translation (8) we extend the same terminology to (M, τR, τS).
Concerning equilibrium participation patterns, it will be useful to distinguish full ab-
stention of the R-agents (τR = 0), full participation (τR = FR), and partial abstention
(0 < τR < FR); similarly on the S-side of the electorate. If there is full abstention
on one side of the electorate or full participation on both sides, some tallies (r, s) will
not occur in equilibrium, and the specification of Mrs at some off-equilibrium tallies
(r, s) can be irrelevant, given the equilibrium. We say that mechanism-equilibrium pairs
(M, τR, τS) and (M ′, τR, τS) are equivalent if Mrs = M ′rs for all (r, s) that occur
with positive probability, that is, with PrnτR,τS (r, s) > 0.
It is useful to have a definition of linearity of mechanism-equilibrium pairs that takes
equivalence into account. A mechanism-equilibrium pair (M, τR, τS) is called linear if
there exists a linear rule M ′ such that (i) (M, τR, τS) and (M ′, τR, τS) are equivalent,
(ii) M ′ is R-one-sided if τS = 0, and (iii) M ′ is S-one-sided if τR = 0.

Example

Consider the left mechanism in Figure 1, Mrs = 1r≥2 in the setting with n = 4
voters and type distribution F uniform on the set {−1, 1} × [0, 1]. Here, tR(∆R) =
∆R/2 and tS(∆S) = ∆S/2. Also, dS(M, τR, τS) = 0 for all (M, τR, τS). Thus,
(7) implies that ∆S = 0 in any equilibrium. On the other hand, dR(M, τR, 0) =
Prn−1

τR,0(1, 0) = 3τR(1 − τR)2. Thus, using (6), a pair (∆R,∆S) is an equilibrium
if and only if ∆S = 0 (implying full abstention on the S-side) and ∆R solves the equa-
tion ∆R = 3(∆R/2)(1− (∆R/2))2, or ∆R = 2− 2

√
2/3 (implying partial abstention

on the R-side). The mechanism-equilibrium pair (M, 2 − 2
√

2/3, 0) is linear. Replac-
ing the off-equilibrium entry M2,2 = 1 by any value below 1 yields an equivalent (and
thus linear) mechanism-equilibrium pair.

Optimal mechanisms

The payoff-relevant properties of any mechanism-equilibrium pair m = (M, τR, τS)
are the pivotalities dR(m) and dS(m), and the reform-at-abstention probability

20Recall that, w.l.o.g., we are restricting attention to equilibria of the form (4) with ∆R ≥ 0 and
∆S ≥ 0. Equivalently, we are restricting attention to equilibria (τR, τS) with dR(M, τR, τS) ≥ 0 and
dS(M, τR, τS) ≥ 0.



14 HANS PETER GRÜNER AND THOMAS TRÖGER

ρA(m) =
∑

r+s≤n−1

n−1

Pr
τR,τS

(r, s)Mr,s;(9)

this is the probability assigned by an abstaining voter to the event that the alternative R
gets implemented.
Given any pivotalities ∆R, ∆S , and any reform-at-abstention probability PA, we can
write the interim expected utility of any type (vi, ci) as the sum of her utility from
abstaining and her utility gain from participating:

viP
A +

{
max{vi∆R − ci, 0} if vi > 0,
max{−vi∆S − ci, 0} if vi < 0.

We say that a mechanism-equilibrium pair is optimal if it maximizes the ex-ante ex-
pected utility or welfare

W∆R,∆S ,PA

(10)

= E[ṽ]PA + E[max{ṽ∆R − c̃, 0} · 1ṽ>0] + E[max{−ṽ∆S − c̃, 0} · 1ṽ<0].

Welfare is increasing in ∆R and ∆S . That is, high pivotalities are desirable if the reform-
at-abstention probability PA is kept fixed. Welfare is decreasing in PA ifE[ṽ] < 0, that
is, if at the ex-ante stage the status quo appears more attractive than the reform; vice
versa if E[ṽ] > 0.
The designer’s problem is to

(opt) max
(M,∆R,∆S)

W∆R,∆S ,ρA(M,tR(∆R),tS(∆S))

s.t. (6), (7),

∆R ≥ 0, ∆S ≥ 0,

M ∈Mn.

Implicit to our formulation is the classical mechanism-design doctrine: the designer
selects an equilibrium with highest welfare if the optimal mechanism has multiple equi-
libria. The feasible set of problem (opt) is non-empty and compact. Hence, an optimum
exists by Weierstraß’ Maximum-Value Theorem.

3. OPTIMALITY OF LINEAR RULES

In this section we establish the optimality of linear rules. We also show that there always
is an optimal rule that can be obtained by convexly combining upper linear rules. This
second result provides a yet smaller space of rules in which to look for optima. In
particular, one can restrict attention to monotonic rules because upper linear rules are
monotonic and this property is preserved in convex combinations.

PROPOSITION 1 Any mechanism-equilibrium pair that solves problem (opt) is linear.
There always exists a solution in which the rule is a convex combination of upper linear
rules.
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The contribution of Proposition 1 is to reduce a high-dimensional mechanism-design
problem to the problem of finding the optimum in the much smaller set of linear rules.
Because any upper linear rule can be optimal at any population size (see Section 4), any
combination of R-weight, S-weight, and default bias can be optimal.
To gain a first intuition for the linearity result, consider the welfare expression (10): a
high welfare is achieved via a compromise between high pivotalities and—depending
on which alternative is more attractive ex ante—maximizing or minimizing the reform-
at-abstention probability. Given any participation pair, increasing some particular Mrs

increases theR-pivotality dR if anR-vote is needed to achieve the tally (r, s)—this hap-
pens with probability Prn−1(r − 1, s); it decreases the R-pivotality if an R-vote leads
away from the tally (r, s)—this happens with probability Prn−1(r, s). Thus, the effect
of increasing Mrs on the R-pivotality depends on the probability difference Prn−1(r−
1, s) − Prn−1(r, s). Combining this with similar reasoning for the S-pivotality and
the reform-at-abstention probability leads to the total effect of increasing Mrs on any
weighted sum of the reform-at-abstention probability and the pivotalities. Using the
stochastic independence across the agents’ types, we show that the sign of this effect
will be positive for all (r, s) above a linear cutoff line, and will be negative below, lead-
ing to a linear M . In the next paragraph, we explain in more detail why maximizing a
weighted sum is necessary (the full proof of Proposition 1 can be found in the appendix).
For the optimality of a mechanism-equilibrium pair (M∗,∆R∗,∆S∗) it is necessary that
M∗ yields the highest welfare within the set of rules M for which (∆R∗,∆S∗) is an
equilibrium. This condition is useful because the space of voting rules is of much higher
dimensionality than the (two-dimensional) space of equilibria. Taking the participation
rates τR∗ = tR(∆R∗) and τS∗ = tS(∆S∗) as given, the welfare (10) from any rule M
can be written as

E[ṽ]ρA(M, τR∗, τS∗)+E[max{ṽ∆R∗ − c̃, 0}1ṽ>0] + E[max{−ṽ∆S∗ − c̃, 0}1ṽ<0]︸ ︷︷ ︸
independent of M

.

Thus, if the reform is more attractive than the status quo (E[ṽ] > 0), then M =
M∗ must be maximizing the reform-at-abstention probability ρA(M, τR∗, τS∗) given
τR∗ and τS∗. Taking into account that the equilibrium conditions (6) and (7) hold at
(∆R∗,∆S∗), the rule M∗ maximizes, across all M ∈Mn, the Lagrangian

L(M) = µA∗ρA(M, τR∗, τS∗) + µR∗dR(M, τR∗, τS∗) + µS∗dS(M, τR∗, τS∗)

with µA∗ = 1, and Lagrangian parameters µR∗ and µS∗. If E[ṽ] < 0, then the same
applies with µA∗ = −1. In the “unbiased” case E[ṽ] = 0, we have µA∗ = 0 (though
showing this requires a different proof that relies on the monotonicity of (10) in ∆R and
∆S and is relegated to the online supplement).
Because L is linear, we have M∗rs = 1 if the weight assigned to Mrs in L(M) is
positive, and M∗rs = 0 if the weight is negative. A straightforward computation shows
that the weight of Mrs is

(11)
n

Pr
τR∗,τS∗

(r, s)
rξR∗ − sξS∗ − nξ∗

n
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for appropriately chosen parameters (ξ∗, ξR∗, ξS∗). This implies that M∗ is linear on
the set of tallies (r, s) that occur with positive probability.21

The proof of the upper-linearity result relies on a reformulation of the L-maximization
problem in three-dimensional space, where the three dimensions correspond to the three
interim-payoff-relevant variables: the R- and S-pivotality, and the reform-at-abstention
probability. The maximization across the rules inMn is replaced by the maximization
across Ψ(Mn), where

Ψ : Mn → R3,(12)
M 7→ (dR(M, τR∗, τS∗), dS(M, τR∗, τS∗), ρA(M, τR∗, τS∗))

maps each mechanism to the induced pivotalities and reform-at-abstention probability
at the given optimal participation pair (τR∗, τS∗).
The reformulated maximization problem is

(µ∗) max
(∆R,∆S ,PA)∈Ψ(Mn)

µA∗PA + µR∗∆R + µS∗∆S .

Let I denote the set of solutions to (µ∗) that satisfy ∆R ≥ 0 and ∆S ≥ 0. By con-
struction, Ψ(M∗) ∈ I . Thus, to complete the proof it remains to be shown that the
Ψ-preimage of any point in I contains a convex combination of upper linear rules.
Using that I is a convex polygon and ψ is linear, it is in fact sufficient to show that the Ψ-
preimage of each vertex of I contains a convex combination of upper linear rules. This is
achieved via a sequence of approximating problems (µ) in which µ∗ = (µA∗, µR∗, µS∗)
is replaced by µ = (µA, µR, µS) ≈ µ∗.
Proposition 1 is silent about which participation patterns can be optimal. The results in
Section 4 imply that both one-sided (τR∗ > 0 and τS∗ = 0 or vice versa) and two-sided
(τR∗ > 0 and τS∗ > 0) voter participation can be uniquely optimal. However, given the
objective of problem (opt), full participation cannot be optimal: in the course of proving
Proposition 1, we show that any optimal participation pair (τR∗, τS∗) satisfies

τR∗ + τS∗ < 1.(13)

This is intuitive: if a ruleM∗ induces full participation on both sides then only the tallies
(r, s) with r + s = n occur with positive probability; one can instead use a one-sided
rule that reacts in the same way as M∗ to the R-votes while ignoring the S-votes; we
show that full participation of theR-agents is an equilibrium of this one-sided rule; thus,
the new rule achieves the same election outcome at lower participation costs.
Our linearity result is robust with respect to a number of important variations (cf. online
supplement). First, the conclusions of Proposition 1 still hold if the mechanism de-
signer cares about turnout. Turnout is often seen as an independently desirable feature

21Our line of proof shows a path towards finding optima numerically. The first step is to determine, for
each participation pair, the (convex) set of rules such that the participation pair is an equilibrium; maximizing
welfare on this set is a numerically tractable linear problem. The optimal participation pair(s) can be found by
comparing the solution values across a fine grid of participation pairs. For example, the (up to switching the
roles of R and S) unique optimum in the setting with n = 4 voters and type distribution F uniform on the
set {−1, 1}× [0, 2] is (approximately) the voting rule on the right in Figure 1 together with the participation
pair (0.14, 0.05).
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of well-functioning democratic decision processes (e.g., Qvortrup, 2005). Formally, the
designer’s objective is a weighted average of expected utility, turnout of R-agents (τR),
and turnout of S-agents (τS). The main difference to the proof of Proposition 1 is that
now full participation cannot be excluded anymore; we show that the main idea that
underlies Proposition 1—to choose the best rule for given participation rates—extends
to full participation. As a second variation, we show that a linear rule is optimal if there
is a mass of R-types that do not strictly prefer outcome R over iR, that is, who have
no participation cost, and/or a mass of S-types with analogous preferences. Third, a
linear rule is optimal if there is a fixed population of R-agents and a fixed population of
S-agents, as in Palfrey and Rosenthal (1985). This setting constitutes one case in which
the agents’ types are not i.i.d. distributed and the optimal rule is still linear. Fourth, a
linear rule is optimal if the designer randomly selects a “committee” of n′ ≤ n agents
and allows only these to participate (cf. Börgers, 2000).22

Quorum rules are, with the exception of special cases, non-linear, due to the kink in
the cutoff line (cf. Figure 3). By Proposition 1, such quorum rules can be optimal only
together with an equilibrium in which one side of the electorate abstains entirely; in this
case the outcome is the same as with a properly chosen one-sided linear rule. Accord-
ingly, to the extent that optimality requires two-sided participation, our model suggests
that a linear rule rather than a quorum rule should be used.23

First best

A linearity result parallel to that in Proposition 1 holds for the solution to the “first-best”
problem of a hypothetical planner who is able to impose not only any rule M , but also
arbitrary participation rates (τR, τS). To see this, express welfare by first computing the
aggregate valuation conditional on each tally, and then summing up across tallies and
subtracting the participation costs:24

W (M, τR, τS)(14)

=
1

n

∑
r+s≤n

n

Pr
τR,τS

(r, s)ωrs(τ
R, τS)Mrs − E[c̃ 1F(ṽ/c̃)>1−τR or F(ṽ/c̃)<τS ],

22The designer can sometimes gain from forming a committee because it saves on the participation costs
and contributes to coordinating the participation of the agents. In particular, for any population size n there
exists a type distribution such that selecting a random dictator yields a higher welfare than the solution to
(opt); in fact, the welfare is higher than with any committee of size at least 2. But the optimal committee size
is n′ = n if the participation cost is small as modelled in Section 5. Cf. online supplement.

23With stochastically dependent agent types, linearity may be inconsistent with optimality; it is not even
clear whether any voting rule is optimal (different types can have different assessments of pivotalities, so
that Lemma 1 can fail). The following example suggests that a quorum rule can outperform all linear rules.
Suppose that types are with some probability drawn i.i.d. from a distribution such that one-sided participation
would be optimal, and with the remaining probability are drawn from a different distribution such that almost
full two-sided participation would be optimal. The advantage of the kinked cutoff line of a quorum rule is that
it has two different slopes, depending on whether participation is almost one-sided or almost full. See Schmitz
and Tröger (2012) on optimal voting rules when types are correlated and the participation cost is zero.

24This welfare expression is also used in the proofs of (13) and of the results in Section 4.
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where ωrs(τR, τS) is the expected aggregate valuation for the reform, conditional on
the tally (r, s) being realized. Thus,

ωrs(τ
R, τS) = rηR(τR) + sηS(τS) + (n− r − s)ηA(τR, τS),(15)

where we use the shortcuts25

ηR(τR) = E[ṽ|F(ṽ/c̃) > 1− τR],

ηS(τS) = E[ṽ|F(ṽ/c̃) < τS ],

ηA(τR, τS) = E[ṽ|τS < F(ṽ/c̃) < 1− τR].

It is immediate from (15) that in any m = (M, τR, τS) that maximizes W (m), the rule
M is linear on the set of tallies that can occur given the participation rates; parameters
for M are given by

(16) ξ = −ηA(τR, τS), ξR = ηR(τR)− ξ, ξS = −ηS(τS)− ξ.

Neutral problem

In a neutral environment, we may also consider a “neutral” designer who maximizes the
expected utility across all neutral mechanism-equilibrium pairs. Describing any neutral
equilibrium in terms of its pivotality ∆R = ∆S def

= ∆, we are dealing with identical
functions tR(∆) = tS(∆)

def
= t(∆). Moreover, for any neutral M we have identical

functions dR(M, τ, τ) = dS(M, τ, τ)
def
= d(M, τ, τ), making the equilibrium conditions

(6) and (7) identical to each other. An individual’s ex-ante expected utility, given a
pivotality ∆, is W∆ = 2E[max{ṽ∆− c̃, 0}]. Thus, the neutral planner solves

(neutral opt) max
(M, ∆)

W∆

s.t. M(r, s) = 1−M(s, r) for all s and r,
∆ = d(M, t(∆), t(∆)),(17)
∆ ≥ 0,

M ∈Mn.

Concerning this problem, a result similar to Proposition 1 holds. The standard volun-
tary majority rule—the unique voting rule that is both linear and neutral—is always
optimal.26

25It does not matter for the analysis how one defines the conditional expectations at the points where the
conditioning event has probability 0.

26In contrast to Proposition 1, full participation can be optimal. This is because replacing a two-sided rule
by a one-sided rule as in the proof of (13) is not feasible. Consider for example an ε-approximation of a two-
point distribution F̂ as introduced in Section 4 below, with pR = pS = 1/2, vS = −vR, cS = cR close
to 0, and ε sufficiently small given F̂ . Then full participation is an equilibrium in the standard majority rule.
Given any mechanism-equilibrium pair (M,∆), if abstaining is optimal for some types, then ∆ ≈ 0 because
participation costs are small, and thus the welfare 2E[max{ṽ∆ − c̃, 0}] ≈ 0. Hence, the standard majority
rule with full participation yields a higher welfare than any rule that induces partial abstention.
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PROPOSITION 2 Consider a neutral environment.
There exists a solution to (neutral opt) in which the mechanism is the standard volun-
tary majority rule. Moreover, in any solution with non-zero participation and non-zero
abstention, the mechanism is identical to the standard voluntary majority rule.

To prove this, one first shows that (17) can be relaxed into an inequality and then maxi-
mizes the right-hand-side of (17) across all neutral M ; we omit the details because the
arguments are as in the case E[ṽ] = 0 in the proof of Proposition 1.27

It is important to note that there exist neutral environments in which the standard volun-
tary majority rule is sub-optimal in problem (opt), that is, a planner who can implement
non-neutral mechanisms may want to do so even if the environment is neutral (Börgers,
2000); cf. the neutral cases in Lemma 2 and Footnote 21.
Recall that the objective of problem (neutral opt) is increasing in the pivotality ∆ and,
hence, in the equilibrium participation rate tR(∆) = tS(∆). Thus, Proposition 2 reveals
that the standard voluntary majority rule induces the highest participation among all
neutral mechanism-equilibrium pairs.28 At the same time, the participation rate is too
high relative to what a social planner who is not constrained by equilibrium would
choose for the standard voluntary majority rule (Börgers, 2004).

4. WHICH LINEAR RULES CAN BE OPTIMAL?

The previous section has shown that the search for optimal rules can be restricted to
convex combinations of upper linear rules. Now we show that any upper linear rule can
be uniquely optimal. In particular, the optimal cutoff line that separates reform from
status quo can feature any combination of slope and default bias.

PROPOSITION 3 Consider any electorate size n and any upper linear rule M . Then
there exists a type distributionF and a participation pair (τR, τS) such that (M, τR, τS)
is, up to equivalence, the unique solution to (opt).

The distributions F used in the proof provide intuition and thus deserve individual at-
tention. We distinguish two cases that are treated in Lemma 2 and Lemma 3. Lemma
2 shows that a one-sided upper linear rule (with one-sided participation) is optimal if
F is such that uncertainty concerns mainly an agent’s preferred alternative, but not her
preference intensity, and the participation costs are small. That is, F approximates a
two-point distribution. In such a setting, it is enough to count the votes on one side of
the electorate because essentially all the relevant information about the other side is al-
ready contained. Lemma 3 shows that any two-sided upper linear rule (with two-sided
participation) can be optimal. Specifically, a qualified majority rule is optimal if F is
such that preference intensities play a role in an all-or-nothing manner, that is, if each
agent is either significantly affected by the social alternative or is almost indifferent, and

27The essence of the arguments goes back to Rae (1969).
28Similarly, in the unbiased case E[ṽ] = 0 of Proposition 1, optimality requires that the participation pair

is on the frontier of the set of participation pairs that are equilibria under any rule.
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if the participation costs are such that those who are significantly affected are exactly
those who will participate. In this case, the participation decision screens out the sig-
nificantly affected agents so that a vote count on both sides is needed in the optimum.
More generally, any two-sided upper linear rule is optimal for some type distribution
that approximates a three-point distribution.
Using approximations of two- or three-point type distributions to build examples is
natural because with three actions a distribution with three types corresponds to the
maximum amount of separation that technically can be achieved in a voluntary voting
mechanism. In addition, our examples are such that the selected equilibrium of the op-
timal mechanism is straightforward. Consider a discrete distribution of valuation-cost
pairs:

F̂ ∼
(

(vS , cS) (v0, c0) (vR, cR)
pS p0 pR

)
,(18)

where pS > 0, p0 ≥ 0, and pR > 0 denote probabilities. Assume

(19) vS < v0 < 0 < vR.

Thus, F̂ is a three-point distribution if p0 6= 0 and a two-point distribution otherwise.
(Cases with v0 > 0 are analogous and hence are omitted.) While the equilibrium con-
ditions (6) and (7) are not formulated for a discrete type distribution such as F̂ , they do
apply to approximations in which the valuation is distributed continuously. Let ε > 0.
In an ε-approximation, each realization of a valuation according to F̂ is replaced by a
continuum of valuations in its ε-neighborhood (for example, the valuation distribution
in the ε-approximation may have a piecewise flat density). Formally, a distribution F
(satisfying the assumptions from Section 2) is an ε-approximation of F̂ if

suppF ⊆ [vS − ε, vS + ε]× {cS} ∪ [v0 − ε, v0 + ε]× {c0}
∪ [vR − ε, vR + ε]× {cR},

where PrF ([vx − ε, vx + ε]× {cx}) = px for x = R,S, 0. Denote by

w(r, s) = rvR + svS + (n− r − s)v0(20)

the aggregate valuation for R if r agents have the valuation vR, s agents have the valu-
ation vS , and n− r − s agents have the valuation v0.
The proof of Proposition 3 is based on Lemma 2 that uses approximations of two-point
distributions and Lemma 3 that deals with approximations of three-point distributions.
Proposition 3 follows because the range of rules that can be optimal according to Lemma
2 and Lemma 3 covers the entire set of upper linear rules. The details of the proof are
relegated to the Appendix.
Assuming the participation costs are small, Lemma 2 shows under a genericity assump-
tion (21) that the optimal rule is one-sided, where the side of the electorate with lower
expected participation cost is called to vote.
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LEMMA 2 (Optimality of one-sided rules.) Consider a two-point distribution F̂ sat-
isfying

(21) w(r, n− r) 6= 0 for all r.

Let the participation cost realizations cS and cR be sufficiently small. If F is an ε-
approximation of F̂ where ε is sufficiently small (given cS and cR), then a one-sided
voting rule with one-sided participation solves (opt).
Specifically, if pRcR < pScS , then the mechanism-equilibrium pair (1w(r,n−r)>0, p

R, 0)
is, up to equivalence, the unique optimum; if pRcR > pScS , then (1w(n−s,s)>0, 0, p

S)
is, up to equivalence, the unique optimum.

A crucial step in the proof is to show that in the optimum one side of the electorate
participates completely. Say, all R-agent types participate. Given this, the number of
R-votes reveals both: how many agents exist in the electorate with a valuation close
to vR, and how many with a valuation close to vS . The rule 1w(r,n−r)>0 then imple-
ments reform if and only if the aggregate valuation in the population is positive. Among
all participation pairs with full R-participation, the one-sided pair (pR, 0) entails, of
course, the smallest participation cost. Moreover, the small-cost assumption ensures
that the pair (pR, 0) is an equilibrium for the rule 1w(r,n−r)>0. Thus, the solution is
(1w(r,n−r)>0, p

R, 0). Similarly, we obtain the solution (1w(n−s,s)>0, 0, p
S) if all S-

agents participate. Among these two solution candidates, the one with smaller expected
participation costs yields higher welfare.
It remains to explain why in any solution one side participates completely. Given that
her valuation is close to vR > 0 and her participation cost is close to 0, the only pos-
sible reason for an R-agent to abstain can be that the R-pivotality is small. But this
would imply that no R-agent gains much from participating. If the same was true for
the S-agents, then essentially no welfare could be gained from voting, making a con-
stant rule approximately optimal (cf. (10)). But the welfare from a constant rule is
dominated by the welfare from the mechanism-equilibrium pair (1w(r,n−r)>0, p

R, 0)
(or (1w(n−s,s)>0, 0, p

S)), a contradiction. Therefore, in any solution either all R-agents
participate or all S-agents do. A detailed proof of Lemma 2 can be found in the ap-
pendix.
Lemma 3 uses three-point distributions to make the case for two-sided linear rules with
arbitrary parameters; define

Mrs = 1w(r,s)>0.(22)

We make a genericity assumption (23). We also assume (24) that the valuation of one
vS-agent cannot outweigh everybody else, and (25) only counting the vR-agents with-
out distinguishing the vS-agents from the v0-agents is not sufficient for determining
whether the aggregate valuation for the reform is positive. A special case covered by
Lemma 3 is that v0 is so close to 0 that a qualified majority rule is optimal.

LEMMA 3 (Optimality of two-sided rules.) Consider a three-point type distribution
F̂ such that
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∀(r, s) : w(r, s) 6= 0,(23)
w(n− 1, 1) > 0,(24)
∃r̂ ∈ {1, . . . , n− 1} : w(r̂, n− r̂) < 0, w(r̂, 0) > 0.(25)

Let the participation costs cR and cS be sufficiently small, and let c0 be sufficiently
large. If F is an ε-approximation of F̂ and ε is sufficiently small (given the participation
cost levels), then the mechanism-equilibrium pair (M,pR, pS) is the unique solution to
(opt).

Here is a sketch of the proof (details are relegated to the online supplement).29 We first
consider the limit setting in which types are distributed according to the three-point
distribution F̂ and the participation cost equals 0, and solve the first-best problem (*)
“maximize a limit version of the welfare (14) across all mechanisms and all feasible
participation pairs, ignoring the equilibrium conditions”. The combination (M,pR, pS)
solves (*): the participation pair (pR, pS) means that the types with valuation vS vote
S, the types with valuation vR voteR, and the types with valuation v0 abstain, implying
that the ruleM implements the reform if and only if the sum of the valuations is positive.
By (23)–(25), the solution to (*) is unique. This implies, by a subsequence argument,
that any maximizer of any variant of problem (*) with a slightly perturbed objective is
close to the point (M,pR, pS).

With this background, we can move away from the three-point-distribution limit. Since
we choose cR and cS small, c0 large, and ε small given the participation costs, the pair
(pR, pS) is an equilibrium in M . Moreover, using that the types around v0 will not
participate in any equilibrium, the objective of problem (opt) is only slightly different
from the objective in (*). Thus, any solution to (opt) is close to (M,pR, pS).

Due to the gaps in the support of F , the equilibrium conditions imply that in any mech-
anism sufficiently close to M , any equilibrium sufficiently close to (pR, pS) is in fact
equal to (pR, pS). Thus, in any optimal mechanism-equilibrium pair the equilibrium
(pR, pS) is played. Given these participation rates, the welfare conditional on any tally
(r, s) approximates w(r, s) so that by (23) no mechanism other than M can be opti-
mal.30

29We are very grateful to a referee for suggesting to use type-dependent participation costs, which
simplifies the construction tremendously. In Grüner and Tröger (2018), we provide an example in which
cS = cR = c0 and the mechanism-equilibrium pair (1r>s+1, pR, pS) is the unique optimum if n = 15.

30Note that the coincidence of the first best and the solution to (opt) in Lemma 2 and Lemma 3 is not a
general feature of our model. Lemma 3 relies on the assumption that c0 is large relative to v0. Consider the
opposite case in which c0 is small relative to v0. Using the method from the proof of Lemma 3, one sees that
every solution to the first-best problem approximates a point in the setM×{pR} × {pS}, where

M = {M |M(r, s) = M(r, s) for all (r, s) 6= (0, 0)}.
However, no mechanism close to M has an equilibrium close to (pR, pS) because the types close to v0

would not abstain. Thus, the solution to (opt) differs from the first-best.
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5. VOLUNTARY VERSUS COMPULSORY PARTICIPATION

An important question is whether the designer of a voting rule should make participation
compulsory. Börgers (2004) answers this to the negative for the standard majority rule
in neutral environments. By contrast, a subsidy for voting can improve welfare if the
standard majority rule with voluntary participation is used in a non-neutral environment
(Krasa and Polborn, 2009).31 But in such a setting, the standard majority rule with
compulsory participation is not an optimal rule under the ex-ante welfare criterion. This
raises a question: if one starts with a rule that is optimal with compulsory participation,
what is the welfare effect of making participation voluntary?
We show that voluntary participation dominates compulsory participation in settings
with a small participation cost. With a large participation cost it would be obvious that
compulsory participation is a bad idea (yielding lower welfare than a constant rule).
Technically, the small-cost assumption allows us to obtain results via a perturbation of
the zero-cost case.
In order to provide comparative statics with respect to participation costs, we consider
a family of type distributions (Fc)c>0 as follows. We fix a type distribution H; let
(ṽ, z̃) denote a random vector with distribution H . For any c > 0, Fc is defined as the
distribution of the random vector (ṽ, c̃) = (ṽ, cz̃). Making the normalization E[z̃] = 1,
the parameter c captures the average participation cost. We say that the participation
cost is small if c is close to 0. The distribution of ṽ/z̃ is denoted H. We will use the
notation W (c,m) for the welfare from any mechanism-equilibrium pair m, given type
distribution Fc.
Denoting by V (r) = rE[ṽ|ṽ > 0]+(n−r)E[ṽ|ṽ < 0] the expected aggregate valuation
for the reform if r agents prefer the reform, we restrict attention to environments such
that

(26) V (r) 6= 0 for all r = 0, . . . , n.

Compulsory participation under a voting rule M corresponds to the assumption that
agents cannot take the action A, that is, full participation is enforced. When voting is
compulsory, a voting rule M is welfare-maximizing if and only if

(27) Mr,n−r = 1r≥t∗ ,

where t∗ denote the smallest number r such that V (r) > 0 (cf. Rae, 1969, Barberà
and Jackson, 2006). Thus, very limited information about the environment is required
in order to implement an optimal rule with compulsory participation: knowing the ratio
between the weighted conditional valuations on the two sides of the electorate is enough
for a planner to set the optimal qualified majority threshold t∗. Note that many linear
rules satisfy (27) because it entails no restriction of Mrs if r + s < n.
Proposition 4 below is the central result in this section. Starting with any two-sided up-
per linear voting rule that is optimal with compulsory participation, leaving participation

31See also Ghosal and Lockwood (2009) who show that compulsory participation can dominate voluntary
participation under a standard majority rule in a neutral common-values setting.
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voluntary improves welfare if the participation cost is sufficiently small.32 Proposition
4 does not rely on the comparison with the optimal rule with voluntary participation.
Thus, any designer who is able to compute the optimal compulsory majority threshold
t∗ (and knows that the participation cost is small) prefers voluntary over compulsory
participation.

PROPOSITION 4 Assume (26). Assume that H has a strictly positive and continuous
density in a neighborhood of 0.
Consider any two-sided upper linear voting rule M that is optimal if participation is
compulsory. If participation is made voluntary and the participation cost is sufficiently
small, then M has an equilibrium that yields a higher welfare than compulsory partici-
pation.

The proof is relegated to the appendix. The main difficulty is to find and characterize
the claimed equilibrium of M . We cannot use the techniques from Section 4. There
we considered settings in which the optimal mechanism-equilibrium pair is invariant
to a small participation cost because the valuation distribution has a gap around 0.33 In
these settings, there is no difference between voluntary and compulsory participation if
the participation cost is small. In the settings considered now, a small participation cost
causes a smooth transition from full participation to almost-full participation (due to the
positive density ofH around 0). A perturbation approach based on the implicit-function
theorem allows us to establish equilibria for arbitrary rules (which is new to the litera-
ture) and to compute the first-order welfare effect of introducing a small participation
cost (cf. Lemma 4).
Additional notation is needed to lay out the details of the perturbation approach. Con-
sider a two-sided upper linear rule M that satisfies (27). Without loss of generality,
assume that (cf. Figure 4)

(28) Mt∗−1,n−t∗ = 0.

(AssumingMt∗−1,n−t∗ = 1 instead yields an analogous analysis with the roles ofR and
S reversed.) Because M is two-sided, there exists a maximal q such that Mt∗−1,q = 1.
Moreover, (28) implies

q ≤ n− t∗ − 1.(29)

If participation in M is compulsory, the resulting welfare is W ∗ − c, where

W ∗ =
1

n

n∑
r=t∗

(
n
r

)
(FR)r(FS)n−rV (r).(30)

32For one-sided rules, results are less clear-cut. Either the R-one-sided rule Mrs = 1r≥t∗ or the S-one-
sided rule Mrs = 1s<n−t∗ has an equilibrium that yields a higher welfare than the best compulsory voting
rule if the participation cost is small. On the other hand, in some environments one of these rules yields in any
equilibrium a smaller welfare than compulsory participation. Cf. online supplement.

33This feature is also present in some of the earlier literature; e.g., in Börgers (2004) the support of ṽ is
{−1, 1}.
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6

- r

s

q

n− t∗

t∗

. . .

0
0 0
0 0 1
0 0 1 1
...

...
...

...
. . .

· · · 0 0 1 1
1 1 1
1 1 1
1 1 1
1 1 1 · · ·
...

...
...

FIGURE 4.— Some entries of a two-sided upper linear rule M . Here, Mrs is the entry at the
intersection of the column labelled r and the row labelled s.
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Lemma 4 considers voluntary participation. If c is close to 0, thenM has an equilibrium
with almost full participation, and there is an explicit formula (31) for the marginal
welfare effect of introducing a participation cost.34 The term proportional to the density
H′(0) in (31) stems from types around 0 beginning to abstain if a participation cost is
introduced. The other term, −1, is the direct cost effect that stems from increasing c
in (14) when the mechanism-equilibrium pair is kept fixed: in equilibrium essentially
everybody pays the participation cost.

LEMMA 4 Make the assumptions of Proposition 4 and consider a two-sided upper
linear voting rule M satisfying (27) and (28). Then, for all c > 0 sufficiently close to
0, there exists an equilibrium (τ̃R(c), τ̃S(c)) (→ (FR, FS) as c → 0) that yields a
welfare such that

lim
c→0

W (c,M, τ̃R(c), τ̃S(c)) = W ∗.

Moreover,

d
dc
W (c,M, τ̃R(c), τ̃S(c))

∣∣∣∣
c=0

(31)

= H′(0)

(
1− 1

n− t∗ + 1− q

)
(−V (t∗ − 1))− 1.

The proof of Lemma 4 is relegated to the appendix. A major difficulty is that we cannot
apply the implicit function theorem directly to describe the equilibrium (τR, τS) as a
function of the cost c because the full-rank condition for the relevant Jacobi matrix is
violated. Indeed, it turns out that the S-agents begin to abstain at an unbounded rate if
participation becomes costly,

lim
c→0

dτ̃S

dc
= −∞.

To overcome this problem, we first represent τR and c as implicit functions of τS .
This allows us to represent the welfare as a function of τS . We show that the relation
between τS and c is monotonic, so that a (locally unique) equilibrium in fact exists for
every small c. Finally, we use L’Hospital’s rule to compute the marginal welfare effect.

Proof of Proposition 4. In the limit c→ 0, both voluntary and compulsory participation
yield welfare W ∗. The marginal welfare effect of introducing c equals −1 if participa-
tion is compulsory. If participation is voluntary, the welfare effect (31) is larger than−1
because V (t∗ − 1) < 0 by definition of t∗. This completes the proof.35

34Formula (31) shows that the first-order welfare effect is strictly decreasing in q. Thus, M with q = 0
(“almost one-sided rule”) beats every other rule considered in the lemma in pairwise welfare comparison if
c is small. Using a similar method as in Lemma 4, first-order welfare effects for non-deterministic rules, for
other equilibria, and for one-sided rules can be computed, and t∗ may be replaced by a different threshold.

35For some non-deterministic two-sided linear rules, the first-order welfare effect of introducing a partic-
ipation cost equals −1 also with voluntary participation. This is the reason for not allowing arbitrary linear
rules in Proposition 4.
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The basic intuition behind Proposition 4 is that, with voluntary participation and a small
participation cost, equilibrium turnout τR + τS is already “too high” relative to the
turnout that would be enforced by a planner who is not constrained by equilibrium
conditions: while in equilibrium τR+ τS ≈ 1, the unconstrained planner would require
a non-negligible abstention rate.36 This suggests that making participation compulsory
lowers welfare. This intuition is similar to Börgers (2004), who’s setting is indeed one-
dimensional. But in our setting welfare is a function of the turnout pair (τR, τS) rather
than a function of the aggregate turnout τR+τS—we have to deal with two dimensions
rather than one. We address this problem with a different proof strategy that relies on
local variations of equilibria in low-cost environments.
Forming a committee of voters would not solve the problem that turnout is “too high”
at small participation costs (cf. Footnote 22). A committee prevents the participation
of certain agents disregarding their private information, while the planner would have
every sufficiently strongly affected agent participate.
To round up the analysis of voluntary versus compulsory voting, consider again a neu-
tral social planner in a neutral environment. With compulsory participation, she finds
the compulsory majority rule optimal (cf. Schmitz and Tröger, 2012). Börgers’ (2004)
analysis implies that the voluntary majority rule yields a higher welfare than the com-
pulsory majority rule. Thus, using Proposition 2 we have:

COROLLARY 1 In any neutral environment, the voluntary majority rule maximizes
the ex-ante welfare across all neutral equilibria of neutral mechanisms, voluntary and
compulsory.

Finally, we turn to the question whether it is always desirable to lower participation
costs when this is feasible. The following result answers this to the negative. If the
density of weakly affected types is sufficiently large (while the conditional expected
valuations E[ṽ|ṽ > 0] and E[ṽ|ṽ < 0] are kept constant), then introducing a small
participation cost can increase welfare (dW/dc|c=0 > 0); a similar result was obtained
by Chakravarty et al. (2014) for the standard majority rule. The proof is immediate from
Lemma 4 and (29).

COROLLARY 2 Assume (26). Suppose thatH has a continuous density in a neighbor-
hood of 0, and

H′(0) >
2

−V (t∗ − 1)
.

Consider any two-sided upper linear voting rule M that is optimal if participation is
compulsory. If participation is made voluntary and the participation cost is sufficiently
small, then M has an equilibrium that yields a higher welfare than full participation in
the setting without participation cost.

36Suppose otherwise; that is, suppose the first best is (τR, τS) = (FR, FS) at c = 0. Then, by the
envelope theorem, the welfare (14) achieved in the first best would change at the rate dW/dc|c=0 = −1.
This contradicts Lemma 4 which implies that the second-best welfare changes at a rate larger than −1.
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Specifically, in settings in which z̃ is degenerate so that H equals the distribution of
valuations, one may interpret an agent’s valuation as her willingness to pay for the
reform, and interpret c as a monetary participation fee. Corollary 2 provides a sufficient
condition on the distribution of valuations such that, from the ex-ante viewpoint, each
agent gains if all agents have to pay a participation fee.
It is interesting to contrast the participation-fee interpretation of Corollary 2 with Drexl
and Kleiner (2018) who show that, in the absence of participation costs, a qualified ma-
jority rule maximizes welfare among anonymous deterministic dominant-strategy rules
even when transfers are feasible.37 For non-redistributed transfers such as a participa-
tion fee, their result extends to Bayesian implementation, that is, a participation fee is
harmful. But this is still consistent with Corollary 2 because the inequality-condition
we impose in Corollary 2 is violated under the hazard-rate assumptions made by Drexl
and Kleiner (2018).

6. CONCLUSION

Our results shed light on the complex relationship between voting rules, voter partic-
ipation and social welfare. The considerable variation in the design of voting rules in
real-world institutions suggests that rules are—at least to some extent—tailored to dif-
ferent environments.38 As far as the commonly used linear rules—qualified majority
rules and one-sided linear rules—are concerned, their use is consistent with our result
that a linear rule is optimal. But our linearity result also has a normative angle: it sug-
gests to reconsider the common practice of using non-linear quorum rules.
We contribute to an explanation of why so many institutions frequently rely on volun-
tary participation. Technological progress has significantly reduced the physical cost of
participating in many collective decisions. We show that when participation costs are
small, voluntary participation dominates compulsory participation in a broad class of
mechanisms that would be optimal with compulsory participation.
Several warnings are in place. First, our approach is not detail-free: the designer needs
to know the informational and preference environment in order to determine the optimal
linear voting rule. More research is needed to evaluate the performance of any particular
linear rule in a broad class of environments (featuring, for instance, asymmetry across
agents, correlated types, or interdependence of values) as a basis for a practical recom-
mendation. Second, our model is not primarily intended to represent large electorates
such as in many public referenda, where pivotalities are very close to zero (see, e.g.,
Feddersen and Sandroni (2006) for an alternative approach). Third, we assume a fixed

37See also Kwiek (2017).
38As a case in point, many decision-making bodies uses different rules to decide on dif-

ferent issues. An example is the University of Mannheim which generally applies a sim-
ple majority rule (with a participation quorum of 50 percent) in its decision making bod-
ies, but requires a two-thirds majority (in combination with a 60 percent approval quorum)
for changes of its constitution, and requires unanimous approval for some other decisions. Cf.
https://www2.uni-mannheim.de/1/universitaet/leitung_organe/grundordnung/grundo_neu_ab_4_2015.pdf
and https://www2.uni-mannheim.de/1/universitaet/partner_ehrungen/ehrungen/ehrenordnung /ehrenord-
nung.pdf).
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population size; extending our approach to settings with an uncertain population size
seems like an interesting open problem.

7. APPENDIX

Proof of Lemma 1. An agent of type (vi, ci) with vi > 0 will abstain or take an action
a ∈ A \ {A} that maximizes ρa(Φ, σ); if instead vi < 0, then she will abstain or take
an action a ∈ A \ {A} that minimizes ρa(Φ, σ).
Consider (according to σ and F ) the equilibrium distribution d> over actions a across
all types with v > 0 that do not abstain; consider the equilibrium distribution d< over
actions a across all types with v < 0 that do not abstain. We obtain a new, payoff-
equivalent, equilibrium in Φ by assuming that all types with v > 0 that do not abstain
randomize their action according to the distribution d>, and all types with v < 0 that
do not abstain randomize their action according to the distribution d<. Now define Φ′

by restricting the set of actions to d>, d<, and A. This completes the proof.

Proof of Proposition 1, first claim. Consider (M∗,∆R∗,∆S∗) that solves (opt). Let
τR∗ = tR(∆R∗) and τS∗ = tS(∆S∗) denote the corresponding participation rates.
First we show that partial abstention is optimal (13).39 Suppose that, to the contrary,
τR∗ + τS∗ = 1. Then τR∗ = FR and τS∗ = FS . In such an equilibrium, only the
tallies (r, s) with r+s = n occur with positive probability. Define theR-one-sided rule
MR via MR

rs = M∗r,n−r. To prove (13), it suffices to show (i) that, using the welfare
expression (14), we have the welfare inequality W (MR, FR, 0) > W (M∗, FR, FS)
and (ii) that (FR, 0) is an equilibrium in MR.
To see (i), note that PrnFR,FS (r, n− r) = PrnFR,0(r, 0) for all r, and

ωr,n−r(F
R, FS) = rE[ṽ|ṽ > 0] + (n− r)E[ṽ|ṽ < 0] = ωr,0(FR, 0).

This implies W (MR, FR, 0) = W (M∗, FR, FS) + E[c̃1ṽ<0].
To see (ii), define

(32) ∆S = dS(MR, FR, 0) = 0 and ∆R = dR(MR, FR, 0).

Observe that, for each r = 0, . . . , n− 1,

n−1−r∑
s=0

n−1

Pr
FR,0

(r, s) =
n−1

Pr
FR,0

(r, 0) =
n−1

Pr
FR,FS

(r, n− 1− r) =

n−1−r∑
s=0

n−1

Pr
FR,FS

(r, s).

Therefore, ∑
r+s≤n−1

n−1

Pr
FR,FS

(r, s)M∗r+1,s =
∑

r+s≤n−1

n−1

Pr
FR,FS

(r, s)M∗r+1,n−r−1(33)

=
∑

r+s≤n−1

n−1

Pr
FR,0

(r, s)MR
r+1,s.

39We are very grateful to a referee for helping us to simplify the proof considerably.
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Moreover, ∆S∗ ≥ 0 implies∑
r+s≤n−1

n−1

Pr
FR,FS

(r, s)M∗r,s ≥
∑

r+s≤n−1

n−1

Pr
FR,FS

(r, s)M∗r,s+1 =
∑

r+s≤n−1

n−1

Pr
FR,FS

(r, s)M∗r,n−r

=
∑

r+s≤n−1

n−1

Pr
FR,0

(r, s)MR
r,s.

Combining this with (33), we obtain

∆R (32)
= dR(MR, FR, 0) ≥ dR(M∗, FR, FS) = ∆R∗.

Thus, tR(∆R∗) = FR implies that tR(∆R) = FR. This together with ∆S = 0,
tS(0) = 0, and (32) implies the equilibrium conditions (6) and (7). That is, (FR, 0)
is an equilibrium in MR. This completes the proof of (13).
If E[ṽ] 6= 0, then M = M∗ maximizes/minimizes ρA(M, τR∗, τS∗) subject to the
equilibrium conditions dR(M, τR∗, τS∗) = ∆R∗ and dS(M, τR∗, τS∗) = ∆S∗. Thus,
if E[ṽ] > 0, then we can set µA∗ = 1 and there exist Lagrangian multipliers µR∗

and µS∗ such that setting M = M∗ maximizes the Lagrangian L(M) defined below
Proposition 1.
The same holds with µA∗ = −1 if E[ṽ] < 0. In the online supplement, we show that
the same holds with µA∗ = 0 if E[ṽ] = 0, and in this case

(34) µR∗ ≥ 0 and µS∗ ≥ 0,

and

(35) µR∗ > 0 or µS∗ > 0.

Because L(M) is an affine function of M , there exist numbers µrs such that L(M) =∑
r,s µrsMrs + const. Because M∗ maximizes L,

M∗rs =

{
1 if µrs > 0,
0 if µrs < 0.

(36)

Case τR∗ > 0, τS∗ > 0, and τR∗ + τS∗ < 1. Here,

(37)
n

Pr
τR∗,τS∗

(r, s) > 0 for all tallies (r, s).

Dropping the index τR∗, τS∗ when writing probabilities, a straightforward computation
shows that

µrs = µA∗
n−1

Pr (r, s) + µR∗
(
n−1

Pr (r − 1, s)−
n−1

Pr (r, s)

)
+ µS∗

(
n−1

Pr (r, s)−
n−1

Pr (r, s− 1)

)
(38)

=
n

Pr(r, s)
rξR,µ

∗ − sξS,µ∗ − nξµ∗

n
,
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where we use shortcuts that we define for any µ = (µR, µS , µA) as follows:

ξµ = (µR − µA − µS)
1

1− τR∗ − τS∗
,(39)

ξR,µ = µR
1

τR∗
+ ξµ,(40)

ξS,µ = µS
1

τS∗
− ξµ.(41)

To show that M∗ is linear, it remains to verify (1) and (2) for M = M∗. From (36),
(37), and (38) one sees that (2) holds with (ξ, ξR, ξS) = (ξµ

∗
, ξR,µ

∗
, ξS,µ

∗
). To show

(1), observe first that ξR,µ
∗ ≥ 0 (otherwise (2) implies that M∗r+1,s ≤ M∗rs for all

(r, s), implying ∆R∗ = 0 and hence τR∗ = 0). Similarly, ξS,µ
∗ ≥ 0. Suppose that

ξµ
∗

= ξR,µ
∗

= ξS,µ
∗

= 0. Then µR∗ = µA∗ + µS∗ by (39). Moreover, µR∗ = 0 by
(40) and µS∗ = 0 by (41). Thus, µA∗ = 0, contradicting (35). This completes the proof
of (1).

Case τR∗ > 0 and τS∗ = 0. (The case τR∗ = 0 and τS∗ > 0 is analogous). Here,

n

Pr
τR∗,τS∗

(r, s) > 0 ⇐⇒ s = 0.

The pair (τR∗, 0) is an equilibrium in the R-one-sided mechanism M̂R defined via
M̂R
rs = M∗r0. It is sufficient to show that M̂R is linear.

IfE[ṽ] 6= 0, then M̂R maximizes/minimizes, across allR-one-sided rulesM , the objec-
tive ρA(M, τR∗, 0) subject to the equilibrium condition dR(M, τR∗, 0) = ∆R∗. Thus,
there exist µR∗ and µA∗ such that M̂R maximizes L with µS∗ = 0, where the feasible
set is given by the R-one-sided rules and µA∗ has the same sign as E[ṽ]. In the online
supplement, we show that the same holds if E[ṽ] = 0, and in this case µR∗ > 0.
Letting µr0 denote the weight of Mr0 in L(M) =

∑
r,s µrsMrs + const,

M̂R
rs = M̂R

r0 =

{
1 if µr0 > 0,
0 if µr0 < 0.

We have

µr0 = µA∗
n−1

Pr
τR∗,0

(r, 0) + µR∗
(
n−1

Pr
τR∗,0

(r − 1, 0)−
n−1

Pr
τR∗,0

(r, 0)

)
=

n

Pr
τR∗,0

(r, 0)
(n− r)(1− µR∗)/(1− τR∗) + rµR∗/τR∗

n
.

Thus, (2) holds with

ξ = (1− µR∗)/(1− τR∗),(42)
ξR = µR∗/τR∗ − ξ,(43)
ξS = 0.

To see (1), observe first that ξR ≥ 0 (otherwise M̂R
r+1,s ≤ M∗rs for all (r, s), implying
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∆R∗ = 0 and hence τR∗ = 0). Moreover, if ξ = 0, then 1−µR∗ = 0 by (42), implying
ξR > 0 by (43). We conclude that M̂R is a linear mechanism.

Case τR∗ = 0 and τS∗ = 0. Here, (0, 0) is an equilibrium in any constant mechanism
M const defined via M const

rs = M∗0,0. By optimality, M∗0,0 = 1 if E[ṽ] > 0 and M∗0,0 = 0 if
E[ṽ] < 0, showing that M const is linear.

Proof of Proposition 1, second claim. Consider (M∗,∆R∗,∆S∗) that solves (opt). Let
τR∗ = tR(∆R∗) and τS∗ = tS(∆S∗) denote the corresponding participation rates.

Case τR∗ > 0 and τS∗ = 0. (The case τR∗ = 0 and τS∗ > 0 is analogous.)
From the first claim, there exists an R-one-sided linear M̂R such that (M̂R,∆R∗,∆S∗)
solves (opt). Thus, there exists r∗ such that

if r < r∗ then M̂R
r,s = 0; if r > r∗ then M̂R

r,s = 1.

Thus, M̂R is a convex combination of the upper linear rules 1r≥r∗ and 1r>r∗ .

Case τR∗ > 0, τS∗ > 0, and τR∗ + τS∗ < 1.
Let S2 = {(µR, µS , µA) ∈ R3 | (µR)2 + (µS)2 + (µA)2 = 1} denote the unit sphere
in R3. For any µ = (µR, µS , µA) ∈ S2, consider the problem

(µ) max
(∆R,∆S ,PA)∈Ψ(Mn)

µAPA + µR∆R + µS∆S ,

where we use the function Ψ defined in (12). The objective of any problem (µ) is linear
and the feasible set Ψ(Mn)—being the image of a hyperrectangle under a linear map—
is a convex polytope. Let Jµ denote the set of solutions of problem (µ). Then Jµ is a
0-, 1-, or 2-dimensional face of the polytope Ψ(Mn).
The same computation as the one leading to (38) shows that

(44) for all M ∈ Ψ−1(Jµ), (2) holds with (ξ, ξR, ξS) = (ξµ, ξR,µ, ξS,µ).

From the proof of Proposition 1, first claim, there exists µ∗ = (µR∗, µS∗, µA∗) ∈ S2

such that (34) holds if µA∗ = 0, and

Ψ(M∗) ∈ I def
= {(∆R,∆S , PA) ∈ Jµ

∗
|∆R ≥ 0, ∆S ≥ 0},

where we use the definitions (39)–(41).
Being a convex polygon, I equals the convex hull of its vertices. Thus, it is sufficient to
show the following claim:

(*) Let k = (kR, kS , kA) be a vertex of I . Then there exists an upper linear rule M ∈ Ψ−1(k).

We achieve this as follows. Step 1 and Step 2 are designed to prepare the treatment of
vertices with kR = 0 or kS = 0; here,M can be taken to be one-sided. As a preparation



LINEAR VOTING RULES 33

for the treatment of the vertices with kR > 0 and kS > 0, Step 3 shows that any problem
(µ̂) can be approximated arbitrarily closely with problems that can only have solutions
that are the Ψ-image of a rule that is like an upper linear rule except that condition (1)
is not required. Step 4 implies that the problem (µ∗) can be approximated such that,
along an approximation path of shrinking open sets of problems (µ), the only solution
that also solves (µ∗) is the vertex k. Step 5 uses Step 3 and Step 4 together with Berge’s
Maximum Theorem to show (*).
In the following, we omit the arguments τR∗, τS∗ when writing the functions dR, dS ,
and ρA.

Step 1. Consider any M̂ ∈ Ψ−1(Jµ
∗
). Then the following holds:

if dR(M̂) = dS(M̂) = 0, then
{
M̂rs = 1 if µA∗ > 0,

M̂rs = 0 if µA∗ < 0
∀(r, s);(45)

if dR(M̂) > 0 and dS(M̂) = 0 then µR∗ > 0 or M̂rs = 0 ∀(r, s) 6= (n, 0);(46)

if dR(M̂) = 0 and dS(M̂) > 0 then µS∗ > 0 or M̂rs = 1 ∀(r, s) 6= (0, n).(47)

Suppose that µA∗ ≥ 0 (the case µA∗ < 0 is analogous to µA∗ > 0). We first note:

if ρA(M̂) = 1 and dR(M̂) ≥ 0, then M̂rs = 1 for all (r, s).(48)

To see (48), observe that ρA(M̂) = 1 implies M̂rs = 1 for all (r, s) with r+s ≤ n−1;
thus, dR(M̂) ≥ 0 implies that M̂rs = 1 for all r + s = n.
To see (45), suppose that dR(M̂) = dS(M̂) = 0 and µA∗ > 0. Then the solution value
of problem (µ∗) is = µA∗ρA(M̂) ≤ µA∗; at Ψ(1) the objective achieves the value
= µA∗; thus, the solution value is = µA∗ and hence ρA(M̂) = 1. Thus, (45) follows
from (48).
To see (46) in case µA∗ > 0, suppose that dR(M̂) > 0, dS(M̂) = 0, and µR∗ ≤ 0. The
first of these three conditions implies that ρA(M̂) < 1. The solution value of problem
(µ∗) is = µA∗ρA(M̂) + µR∗dR(M̂) ≤ µA∗ρA(M̂) < µA∗. But at Ψ(1) the objective
achieves the value = µA∗, a contradiction.
To see (47) in case µA∗ > 0, suppose that dR(M̂) = 0, dS(M̂) > 0, µS∗ ≤ 0,
and M̂rs < 1 for some (r, s) 6= (0, n). Then ρA(M̂) < 1 (otherwise we would have
M̂rs = 1 for all (r, s) with r + s ≤ n − 1, which together with dR(M̂) = 0 implies
that M̂rs = 1 for all (r, s) 6= (0, n), implying dS(M̂) = 0). The rest of the argument is
as in the proof of (46).
To see (46) in case µA∗ = 0, recall that µR∗ ≥ 0. If we had µR∗ = 0, then the solution
value of problem (µ∗) would be 0, which cannot be because, using that µS∗ > 0 from
(µR∗, µS∗, µA∗) ∈ S2, we can take any S-one-sided rule M with dS(M) > 0 to
achieve a value > 0 for the objective of problem (µ∗) at Ψ(M). With an analogous
argument one obtains (47) in case µA∗ = 0.

Step 2. Consider any M̂ ∈ Ψ−1(Jµ
∗
). Then the following holds:
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if dR(M̂) = 0 and dS(M̂) = 0, then there exists
a constant rule M̌ with Ψ(M̌) = Ψ(M̂);

(49)

if dR(M̂) > 0 and dS(M̂) = 0, then there exists
an R-one-sided linear rule M̌ with Ψ(M̌) = Ψ(M̂);

(50)

if dR(M̂) = 0 and dS(M̂) > 0, then there exists
an S-one-sided linear rule M̌ with Ψ(M̌) = Ψ(M̂).

(51)

The claim (49) is immediate from (45) if µA∗ 6= 0. In case µA∗ = 0, the claim (49)
holds trivially because the solution value of problem (µ∗) is 0, which can be obtained
with the Ψ-image of any constant rule.
We will prove (50) and omit the analogous proof of (51). If M̂rs = 0∀(r, s) 6= (n, 0),
then M̂ is obviouslyR-one-sided linear, so suppose otherwise. Suppose also that dR(M̂) >
0 and dS(M̂) = 0. Using (46) it follows that M = M̂ solves the problem

(52) max
M

dR(M) s.t. ρA(M) = ρA(M̂), dS(M) = 0.

Any solution M̌ to the problem (52) satisfies M̌n0 = 1 and Ψ(M̌) = Ψ(M̂). Therefore,
it is enough to find an R-one-sided linear solution to problem (52). Because problem
(52) is linear, it is in fact sufficient to find an R-one-sided linear rule M̌ such that the
Lagrangian conditions for problem (52) are satisfied.
Running through all the (deterministic and non-deterministic)R-one-sided mechanisms
M with Mn0 = 1, we have dS(M) = 0 and the value of ρA(M) varies continuously
from 0 to 1; let M̌ denote the R-one-sided linear rule with ρA(M̌) = ρA(M̂). Thus, M̌
satisfies the constraints of problem (52).
Define r∗ < n such that M̌r0 = 0 for all r < r∗ and M̌r0 = 1 for all r > r∗. Let y ≥ 0
be such that

r∗

n
=

τR∗y

1− τR∗ − τS∗ + τR∗y
.

(Such a y exists because the image of the right-hand side under the interval y ∈ [0,∞)
is equal to [0, 1).)
Define the Lagrange parameters

µ̌S =
τS∗y

1− τR∗ − τS∗
, µ̌A = 1− y − µ̂S .

Then one can verify that the Lagrangian conditions for problem (52) are satisfied. This
completes Step 2.

Step 3. Consider any µ̂ = (µ̂R, µ̂S , µ̂A) ∈ S2. Then there exist points µ ∈ S2 arbitrarily
close to µ̂ such that

rξR,µ − sξS,µ − nξµ 6= 0 for all r + s ≤ n,

where we use the definitions (39)–(41).
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To begin with the proof, we can assume ξµ̂ 6= 0 w.l.o.g. after slightly changing µ̂R or
µ̂S . This means we have to find µ = (µR, µS , µA) such that

(53) r
ξR,µ

ξµ
− sξ

S,µ

ξµ
− n 6= 0 for all r + s ≤ n.

We can also assume µ̂A 6= 0 after slightly changing µ̂A. Define, in a neighborhood
B ⊆ R2 of (µ̂R, µ̂S), the map

Γ : (µR, µS) 7→

(
ξR,(µ

R,µS ,µ̂A)

ξ(µR,µS ,µ̂A)
,
ξS,(µ

R,µS ,µ̂A)

ξ(µR,µS ,µ̂A)

)
.

It is straightforward to verify that the determinant of the Jacobi matrix of Γ at (µ̂R, µ̂S)
equals−µ̂A/(τR∗τS∗(1−τR∗−τS∗)(ξµ̂)3) 6= 0. Thus, we can chooseB so small that
Γ is invertible. In particular, its image Γ(B) is an open neighborhood of Γ(µ̂R, µ̂S). For
each (r, s), the set

Srs =
{(
ζR, ζS

) ∣∣rζR − sζS − n = 0
}

is a line in R2 or is empty. Thus, Γ(B) \ ∪r+s≤nSrs 6= ∅. Take any (µR, µS) ∈
Γ−1(Γ(B) \ ∪r+s≤nSrs) ⊆ B. Thus, (53) holds. This completes Step 3.

Step 4. Consider any vertex k = (kR, kS , kA) of Jµ
∗
. Then there exists a sequence

(Bq)q=1,2,... of relatively open sets Bq ⊆ S2 such that ∩qBq = {µ∗} and, for all q and
all µ ∈ Bq ,

(54) Jµ ∩ Jµ
∗

= {k}.

To see this, note that, because k is a vertex of Jµ
∗
, there exists an open setB ⊆ S2 such

that (54) holds for all µ ∈ B. For q = 1, 2, . . . , define

Bq =
1

q
B +

q − 1

q
µ∗.

Because from (54) any problem (µ), µ ∈ B, has the same solution value as problem
(µ∗), the same is true for all µ ∈ Bq . Thus, “⊇" in (54) holds for all µ ∈ Bq . Vice versa,
“⊆" follows because if (PA,∆R,∆S) ∈ Jµ ∩ Jµ∗ for some µ ∈ Bq , then there exists
µ̂ = (µ̂R, µ̂S , µ̂A) ∈ B such that µ = 1

q µ̂+ q−1
q µ∗ and thus (∆R,∆S , PA) ∈ J µ̂∩Jµ∗ .

This completes Step 4.

Step 5. Proof of (*).
To see this, note first that for each vertex k with kR = 0 or kS = 0, the desired
conclusion follows from Step 2.
Suppose that kR > 0 and kS > 0. Then k is also a vertex of Jµ

∗
. Consider the sequence

(Bq)q=1,2,... as constructed in Step 4. By Step 3, there exists a sequence (µq)q=1,2,...

with µq ∈ Bq such that

(55) rξR,µq − sξS,µq − nξµq 6= 0 for all (r, s).
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Now consider a sequence (Mq)q=1,2,..., where Mq ∈ Ψ−1(Jµq ). Moreover, because
(µq) is a linear problem, Mq can be chosen such that Ψ(Mq) is a vertex of Ψ(Mn).
By choosing an appropriate subsequence if needed, we can assume that the sequence
(Mq)q=1,2,... has a limit Mk∗. Thus, Ψ(Mq) → Ψ(Mk∗). By the Berge Maximum
Theorem, it follows that Ψ(Mk∗) ∈ Jµ∗ . But the set of vertices of Ψ(Mn) is finite so
that Ψ(Mq) = Ψ(Mk∗) for all large q. Thus, Ψ(Mq) ∈ Jµ

∗
. Using Step 4, we conclude

that Ψ(Mq) = k for all large q.
From dR(Mq) = kR ≥ 0 for all large q we know that ξRq ≥ 0. Similarly, ξSq ≥ 0.
Also, ξµq 6= 0 from (55) with (r, s) = (0, 0). Thus, using (44) with µ = µq and (55) we
conclude that Mq is upper linear for all large q.
This completes the proof of Proposition 1.

Proof of Lemma 2. Using definition (15), we first show that

|ωr,s(pR, τS)− w(r, n− r)| ≤ nε for all (r, s) and all τS ∈ [0, pS ].(56)

To see this, consider the conditional expectations below (15). By the mean-value theo-
rem, we can represent the conditional expectations with valuations close to vR and vS ,
resp.:

∃ νR ∈ [vR − ε, vR + ε] : ηR(pR) = νR,

∃ νA, νS ∈ [vS − ε, vS + ε] : ηA(pR, τS) = νA and ηS(τS) = νS .

Now (56) follows from (15) because

ωrs(p
R, τS) = rνR + sνS + (n− r − s)νA.

Next we construct a particular mechanism-equilibrium pair to establish a lower bound
on welfare. Using (21) and (56), we choose ε > 0 so small that

ωr,s(p
R, τS) has the same sign as w(r, n− r) for all (r, s) and all τS ∈ [0, pS ].(57)

Define t∗ = min{r|w(r, n− r) > 0} and M via Mrs = 1r≥t∗ .
Assume cR < vR Prn−1

pR,0(t∗ − 1, 0). Thus, for all

ε < vR − cR

Prn−1
pR,0(t∗ − 1, 0)

,

the pair (τR, τS) = (pR, 0) is an equilibrium in the mechanismM because dR(M,pR, 0) =
Prn−1

pR,0(t∗ − 1, 0)). Using (14) and (57), the resulting welfare is

W (M,pR, 0) =
1

n

n∑
r=0

(
n

r

)
(pR)r(pS)n−r max{0, ωr,0(pR, 0)} − pRcR.(58)

Hence, using (56),

W (M,pR, 0) ≥ 1

n

n∑
r=0

(
n

r

)
(pR)r(pS)n−r max{0, w(r, n− r)}︸ ︷︷ ︸

> max{0, E[ṽ]} because w(n, 0) > 0 and w(0, n) < 0

−ε− cR.
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Thus, assuming ε and cR are sufficiently small,

W (M,pR, 0) > max{0, E[ṽ]}+ 2ε.(59)

Now consider any optimalm∗ = (M∗, τR∗, τS∗) with corresponding pivotalities ∆R∗ =
dR(m∗) and ∆S∗ = dS(m∗). We show that there is full participation on one side:

(60) τR∗ = pR or τS∗ = pS .

Suppose otherwise. Then both the type vR − ε and the type vS + ε find it optimal to
abstain:

(vR − ε)∆R∗ ≤ cR, (−vS − ε)∆S∗ ≤ cS .

Thus, using (10), the optimum welfare

W∆R∗,∆S∗,ρA(m∗) ≤ E[ṽ]ρA(m∗) + τR∗((vR + ε)∆R∗ − cR) + τS∗((−vS + ε)∆S∗ − cS)

≤ max{0, E[ṽ]}+ 2ε,

which by (59) contradicts the optimality of m∗. Thus, (60) follows.
Consider the case τR∗ = pR. We can re-write the welfare (14) by first summing over
the number r of R-agents (all of which will participate), and then summing over the
number s of S-voters:

W (m∗) =
1

n

n∑
r=0

(
n

r

)
(pR)r(pS)n−r

n−r∑
s=0

(
n− r
s

)
(
τS∗

pS
)s(1− τS∗

pS
)n−r−sM∗rsωrs(p

R, τS∗)

−pRcR − τS∗cS .

By (57) the expression on the right-hand side can only increase if we replace M∗rs by
Mrs. Thus,

W (m∗) ≤ 1

n

n∑
r=t∗

(
n

r

)
(pR)r(pS)n−r(61)

·
n−r∑
s=0

(
n− r
s

)
(
τS∗

pS
)s(1− τS∗

pS
)n−r−sωrs(p

R, τS∗)

−pRcR − τS∗cS .

By a basic property of the binomial distribution,

n−r∑
s=0

(
n− r
s

)
(
τS∗

pS
)s(1− τS∗

pS
)n−r−s · s =

τS∗

pS
(n− r).

Thus, for any r ≥ t∗,



38 HANS PETER GRÜNER AND THOMAS TRÖGER

n−r∑
s=0

(
n− r
s

)
(
τS∗

pS
)s(1− τS∗

pS
)n−r−sωrs(p

R, τS∗)

= rηR(pR) +
τS∗

pS
(n− r)ηS(τS∗) + (1− τS∗

pS
)(n− r)ηA(pR, τS∗)

= rηR(pR)− (n− r)ηS(pS)

= ωr,0(pR, 0).

Plugging this into (61) implies that W (m∗) ≤W (M,pR, 0)− τS∗cS ≤W (M,pR, 0),
and “=” holds only if (i) τS∗ = 0 and (ii) m∗ is equivalent to (M,pR, 0).
We conclude that the mechanism-equilibrium pair (M,pR, 0) is, up to equivalence,
the unique optimum among the optima with τR∗ = pR. Analogously, the mechanism-
equilibrium pair (1s≤n−t∗ , 0, pS) is, up to equivalence, the unique optimum among the
optima with τS∗ = pS . Comparing the welfare levels achieved with these two candi-
dates, the mechanism-equilibrium pair with the smaller total participation cost is opti-
mal. This completes the proof of Lemma 2.

Proof of Proposition 3. Consider any upper linear rule M . Let (ξ, ξR, ξS) denote corre-
sponding parameters satisfying (1) and rξR − sξS − nξ 6= 0 for all (r, s). In particular,
ξ 6= 0. W.l.o.g., consider the case ξ > 0.
Suppose that M is two-sided. This implies ξR > ξ and ξS > 0. Thus, (19) holds with

vR = ξR − ξ, vS = −ξS − ξ, v0 = −ξ.
Using the notation (20), we have w(r, s) = rξR − sξS − nξ, and (22) and (23) hold.
Thus, the desired conclusion follows from Lemma 3 once we show (24) and (25).
Suppose that (25) fails. Consider any tally (r, s). If w(r, s) < 0 then w(r, n − r) ≤
w(r, s) < 0; thus, w(r, 0) < 0 because otherwise (25) holds with r̂ = r. Vice versa, if
w(r, s) > 0 then w(r, 0) ≥ w(r, s) > 0. Thus, Mrs = 1w(r,0)>0 is R-one-sided. Sup-
posing that (24) fails, we get a similar contradiction by showing that Mrs = 1w(0,s)>0

is S-one-sided.
In case M is one-sided, one can make similar arguments using Lemma 2. In case M is
constant, (M, 0, 0) is trivially the unique optimum up to equivalence if all types have a
prohibitive participation cost. This completes the proof of Proposition 3.

Proof of Lemma 4. We will use the shortcuts m∗ = (M,FR, FS) and

(62) d∗ = dR(m∗)
(28)
=

n−1

Pr
FR,FS

(t∗ − 1, n− t∗) > 0.

Only the tallies (r, s) with r+ s ≥ t∗+ q− 2 will be relevant in our computations; here
(cf. Figure 4),

Mr,s =


1 if r ≥ t∗,
1 if r = t∗ − 1, s ≤ q,
0 if r ≤ t∗ − 1, s ≥ q + 1,
∈ {0, 1} if r = t∗ − 2, s = q.
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Note that

(63) dS(m∗)
(28)
= 0, H−1(FS) = H−1(1− FR) = 0.

It is helpful to rewrite the equilibrium conditions (6) and (7) in terms of participation
rates intead of pivotalities. Consider a pair (τR, τS) sufficiently close to (FR, FS) such
that the density of H is positive on the interval [H−1(τS),H−1(1 − τR)]. At the type
distribution Fc, the pair (τR, τS) is an equilibrium under a rule M if and only if both
the types (vi, czi) with vi/zi = H−1(1− τR) > 0 and the types (vi, czi) with vi/zi =
H−1(τS) < 0 are indifferent between participating and abstaining, that is,

φ(c,M, τR, τS) =

(
0

0

)
,(64)

where φ captures the payoffs of the marginal types at the cost parameter c:

φ(c,M, τR, τS) =

(
H−1(1− τR) · dR(M, τR, τS)− c
H−1(τS) · dS(M, τR, τS) + c

)
.

The function φ is continuously differentiable in a neighborhood N of (0,m∗). For all
(c,m) = (c,M, τR, τS) ∈ N , the Jacobi matrix with respect to the first and third
variables is

(65) φ∂c,∂τR(m) =

(
−1 −(H−1)′(1− τR)dR(m) +H−1(1− τR)dRτR(m)
1 H−1(τS)dSτR(m)

)
,

where we have dropped the argument c, and lower indices denote partial derivatives.
Using (63),

detφ∂c,∂τR(m∗) =
d∗

h∗
(62)
> 0,

where h∗ = H′(0) denotes the density of H at 0. Also, (64) holds at (0,m∗). Thus, by
the implicit-function theorem (IFT), there exists an open neighborhood U of FS and an
open neighborhood V of (0, FR) and a (unique) function (č, τ̌R) : U → V such that

(66) {(č(τS), τ̌R(τS), τS) | τS ∈ U} = {(c, τR, τS) | τS ∈ U , (c, τR) ∈ V, (64)}.

We will use the implicit function (č, τ̌R) on the domain {τS ∈ U | τS ≤ FS}. From
(66),

č(FS) = 0, τ̌R(FS) = FR.

In order to compute the first-order derivatives of (č, τ̌R), we invert (65),

φ−1
∂c,∂τR(m) =

1

detφ∂c,∂τR(m)

(
H−1(τS)dSτR(m) (H−1)′(1− τR)dR(m)−H−1(1− τR)dRτR(m)
−1 −1

)
,

and we consider the derivative

φ∂τS (m) =

(
H−1(1− τR)dRτS (m)
H−1(τS)dSτS (m) + (H−1)′(τS)dS(m)

)
.(67)
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From the IFT,(
dč/dτS

dτ̌R/dτS

)
= −φ−1

∂c,∂τR · φ∂τS ,(68)

where · denotes matrix-vector multiplication and where we have dropped the argument
m = (M, τ̌R(τS), τS) at which everything is evaluated.

A useful shortcut is the number of 0s above row s = q in column r = t∗ − 1 in Figure
4:

k = n− t∗ + 1− q
(28)

≥ 2.

For any function of τS , denote the lth derivative evaluated at FS by an upper index (l).
Using (68) recursively, we find (for details see the online supplement)

(69) č(l) = 0 and (τ̌R)(l) = 0 for all 1 ≤ l < k,

and (
č(k)

(τ̌R)(k)

)
=

(n− 1)!

(t∗ − 1)!q!
(FR)t

∗−1(FS)q(−1)k−1 · k ·
(
− 1
h∗

1
d∗

)
.(70)

From (69) and (70)

(−1)lč(l)
{

= 0 if l < k,
> 0 if l = k.

(71)

Thus,40 there exists ε > 0 such that č′(τS) < 0 for τS ∈ (FS − ε, FS) ⊆ U and,
similarly, (τ̌R)′(τS) > 0. In particular, defining c = č(FS − ε) > 0, the function č has
an inverse τ̃S on [0, c).

Defining τ̃R(c) = τ̌R(τ̃S(c)), we have shown that the pair (τ̃R(c), τ̃S(c)) is an equi-
librium if the type distribution is given by Fc, where c ∈ (0, c).

In order to prove (31), we rewrite the welfare. The distribution H can be alternatively
represented by a two-step experiment, where first ṽ/z̃ is realized according to the distri-
butionH, and then z̃ is realized. Given any v, let Zv denote the c.d.f. for z̃, conditional
on ṽ/z̃ = v. The welfare from any mechanism-equilibrium pair m = (M, τR, τS) with
corresponding pivotalities ∆R and ∆S is

40A simple calculus lemma. If a k times continuously differentiable function f(x) has k − 1 deriva-
tives equal to 0 at x = 0 and the kth derivative is strictly positive at 0, then f is strictly increasing in a
right-neighborhood of 0. Denoting derivatives with a lower index, fk−1(x) =

∫ x
0 fk(y)dy > 0 by the fun-

damental theorem of calculus, hence fk−2(x) =
∫ x
0 fk−1(y)dy > 0, and so on continuing inductively until

we find f1(x) > 0 for all x in a right neighborhood of 0, showing that f is strictly increasing. Now consider
the function f̂(x) = f(−x) in a left-neighborhood of 0, then the kth derivative f̂k(0) = (−1)kfk(0). So,
if (−1)k f̂k(0) > 0 then f̂ is strictly decreasing in a left neighborhood of 0.
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W (c,m) = ρA(m)E[ṽ] +

∫
v>0

max{v∆R − cz, 0}dH(v, z)

+

∫
v<0

max{−v∆S − cz, 0}dH(v, z)

= ρA(m)

∫
v

z
zdH(v, z) +

∫
v>0

max{v
z

∆R − c, 0}zdH(v, z)

+

∫
v<0

max{−v
z

∆S − c, 0}zdH(v, z),

= ρA(m)

∫
vg(v)dH(v) +

∫
v>0

max{v∆R − c, 0}g(v)dH(v)(72)

+

∫
v<0

max{−v∆S − c, 0}g(v)dH(v),

where g(v) =
∫
zdZv(z) denotes the expectation of z̃ conditional on v. Using the

shortcut

G(v) =

∫
v′≤v

g(v′)dH(v′),

we can now express the welfare as a function of τS :

W̌ (τS) = W (č(τS),M, τ̌R(τS), τS)

= ρ̌A(τS)

∫
vdG(v) +

∫
v>0

max{vďR(τS)− č(τS), 0}dG(v)

+

∫
v<0

max{−vďS(τS)− č(τS), 0}dG(v),

where the reform-at-abstention probability and the pivotalities are also expressed as
functions of τS , using the notation

ρ̌A(τS) = ρA(M, τ̌R(τS), τS),

ďR(τS) = dR(M, τ̌R(τS), τS),

ďS(τS) = dS(M, τ̌R(τS), τS).

From the equilibrium conditions (64),

(73) ďR(τS) =
č(τS)

H−1(1− τ̌R(τS))
and ďS(τS) =

−č(τS)

H−1(τS)
.

Thus,

W̌ (τS) = ρ̌A(τS)

∫
vdG(v) +

∫
v≥H−1(1−τ̌R(τS))

(ďR(τS)v − č(τS))dG(v)(74)

+

∫
v≤H−1(τS)

(ďS(τS)(−v)− č(τS))dG(v).

Observe that, from (73), the integrands in (74) equal 0 at the variable boundary of the
respective integration area. Thus,
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dW̌
dτS

= (ρ̌A)′(τS)

∫
vdG(v)

+

∫
v≥H−1(1−τ̌R(τS))

((ďR)′(τS)v − č′(τS))dG(v)

+

∫
v≤H−1(τS)

((ďS)′(τS)(−v)− č′(τS))dG(v).

= (ρ̌A)′(τS)

∫
vdG(v)(75)

+(ďR)′(τS)

∫
v≥H−1(1−τ̌R(τS))

vdG(v)

+(ďS)′(τS)

∫
v≤H−1(τS)

(−v)dG(v).

−
∫
v≥H−1(1−τ̌R(τS))

dG(v)č′(τS)−
∫
v≤H−1(τS)

dG(v)č′(τS).

Using this, we find (for details see Appendix B)

W̌ (l) = 0 for all 1 ≤ l ≤ k − 1.(76)

and

W̌ (k) = č(k)

(
−h∗

(
1− 1

n− t∗ + 1− q

)
V (t∗ − 1)− 1

)
.(77)

The desired first-order welfare effect can be computed as

lim
c→0

d
dc
W (c,M, τ̃R(c), τ̃S(c)) = lim

c→0

d
dc
W̌ (τ̃S(c)) = lim

c→0
W̌ ′(τ̃S(c)) · (τ̃S)′(c)

= lim
c→0

W̌ ′(τ̃S(c))

č′(τ̃S(c))
= lim

τS→FS

W̌ ′(τS)

č′(τS)
.

Due to (69) and (76), we can apply L’Hospital’s rule k − 1 times, so that

lim
τS→FS

W̌ ′(τS)

č′(τS)
=

W̌ (k)

č(k)
.

Now (77) implies (31). This completes the proof of Lemma 4.
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SUPPLEMENT TO "LINEAR VOTING RULES"

This online supplement contains omitted proofs or sketches of proofs of claims in
Grüner and Tröger (Econometrica, forthcoming), analyses of model variants with weights
on turnout, separate populations of R-agents and S-agents, and with a committee, and a
table of notations.

Remaining claims in the “unbiased case” E[ṽ] = 0 in the proof of Proposition 1

The unbiased case is special because the expected utility (10) is independent of PA.
Using the notation introduced in the proof of Proposition 1, it remains to verify the
following two claims.
1. Let µA∗ = 0. Then there exist numbers µR∗ and µS∗ such that setting M = M∗

maximizes L(M) among all rules inMn; moreover, (34) and (35) hold.
2. Let µA∗ = 0, µR∗ = 1, and µS∗ = 0. Then setting M = M̂R maximizes L(M),
where the feasible set is restricted to the R-one-sided rules.

We need an auxiliary result, Lemma 5. Consider a relaxed maximization problem in
which the equilibrium conditions are replaced by inequalities:

(relax) max
(M,∆R,∆S)

∫
max{vi∆R − ci, 0}dF (vi, ci) +

∫
max{−vi∆S − ci, 0}dF (v, c)

s.t. ∆R − dR(M, tR(∆R), tS(∆S)) ≤ 0, (R)

∆S − dS(M, tR(∆R), tS(∆S)) ≤ 0, (S)

∆R ≥ 0, ∆S ≥ 0,

M ∈Mn.

Lemma 5 below justifies our focus on the relaxed problem.

LEMMA 5 Problem (relax) always has a solution such that both (R) and (S) are
satisfied with equality. In particular, if E[ṽ] = 0, then any solution to (opt) also solves
problem (relax).

Proof. Observe first that (relax) always has a solution. This follows from Weierstrass’
maximum-value theorem (note that (∆R,∆S) belongs to the compact set [0, 1]2 because
dR ≤ 1 and dS ≤ 1).
Consider any solution (M,∆R,∆S) to (relax). We will construct from it another so-
lution to (relax) such that the constraints (R) and (S) are satisfied with equality. Let
τS = tS(∆S) and τR = tR(∆R).
Case τS > 0 and τR > 0 and τR + τS < 1. We claim that at (M,∆R,∆S) both
constraints (R) and (S) are satisfied with equality.
Because ∆R > 0 (from τR > 0), constraint (R) implies that there exists (r̂, ŝ) such
that M(r̂ + 1, ŝ)−M(r̂, ŝ) > 0. Thus,

(78) M(r̂ + 1, ŝ) > 0 and M(r̂, ŝ) < 1.



46 HANS PETER GRÜNER AND THOMAS TRÖGER

Suppose that constraint (R) is satisfied with strict inequality. Then locally only con-
straint (S) is relevant. Thus, (78) implies

0 ≤
n−1

Pr
τR,τS

(r̂ + 1, ŝ)−
n−1

Pr
τR,τS

(r̂ + 1, ŝ− 1),(79)

0 ≥
n−1

Pr
τR,τS

(r̂, ŝ)−
n−1

Pr
τR,τS

(r̂, ŝ− 1).(80)

(If (79) does not hold, then one can slightly decrease M(r̂+ 1, ŝ), thus making the left-
hand-side of (S) strictly smaller than 0, followed by an increase of ∆R (or ∆S) that is
so small that both constraints remain satisfied; the increase of ∆R increases the welfare.
A similar contradiction is obtained by increasing M(r̂, ŝ) if (80) does not hold).
But the expression(

n−1

Pr
τR,τS

(r, s)−
n−1

Pr
τR,τS

(r, s− 1)

)
=

n

Pr
τR,τS

(r, s)
(n− r − s)/(1− τR − τS)− s/τS

n
is strictly decreasing in r, a contradiction to (79) and (80). The proof that constraint (S)
is satisfied with equality is analogous.
Case τR + τS = 1. Then τR = FR and τS = FS . We claim that at (M,∆R,∆S) both
constraints (R) and (S) are satisfied with equality.
The steps leading to (79) and (80) are as in the previous case. Here, ŝ = n − 1 − r̂ in
(78) because only the tallies (r, s) with r + s = n− 1 occur with a positive probability
from any agent’s point of view. Thus, (79) and (80) simplify to

n−1

Pr
τR,τS

(r̂ + 1, n− 2− r̂) = 0,
n−1

Pr
τR,τS

(r̂, n− 1− r̂) = 0.

The first equation implies r̂ = n− 1, a contradiction to the second equation. Thus, the
constraints (R) and (S) are satisfied with equality.
Case τR > 0 and τS = 0. (The case τR = 0 and τS > 0 is analogous). In the objective
of (relax), the right-most integral = 0. Thus, another solution to (relax) is given by
(M̂R,∆R, 0) with M̂R

rs = Mr0 for all (r, s). At (M̂R,∆R, 0), constraint (S) is satisfied
with equality. Also, constraint (R) is satisfied with equality because otherwise one could
increase ∆R (while (S) remains satisfied with equality).
Case τS = 0 and τR = 0. Then the objective of (relax) obtains the value 0 so that
another solution to (relax) is given by (M const, 0, 0) with M const

rs = 0 for all (r, s). The so-
lution (M const, 0, 0) satisfies both constraints (R) and (S) with equality. This completes
the proof of Lemma 5.

Proof of Claim 1. By Lemma 5, (M∗,∆R∗,∆S∗) solves problem (relax). It is not possi-
ble to change M∗ to some M such that both constraints (S) and (R) become strict, be-
cause if so then one could increase ∆R∗ and ∆S∗ slightly while keeping the constraints
satisfied and increasing the objective. In other words, by the separating-hyperplane the-
orem, there exist µR∗ and µS∗ such that M∗ maximizes L with µA∗ = 0, and (34) and
(35) hold.
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Proof of Claim 2. We know that (M̂R,∆R∗, 0) also solves problem (relax). Changing
M̂R to some other R-one-sided rule cannot make constraint (R) become strict, because
otherwise one could increase ∆R∗ slightly while keeping the constraints satisfied and
increasing the objective. Thus M = M̂R maximizes L(M) = dR(M, τR∗, 0). From
this Claim 2 is immediate.

Model variant with weights on turnout

Consider a variant of problem (opt) in which the objective instead is to maximize a
weighted average of expected utility, the S-participation rate, and the R-participation
rate. Then the conclusions of Proposition 1 still hold.
To see this, fix an optimal mechanism-equilibrium pair (M∗,∆R∗,∆S∗) with corre-
sponding participation pair (τR∗, τS∗). At any mechanism-equilibrium pair of the form
(M,∆R∗,∆S∗) the welfare is

ζWE[ṽ]ρA(M, τR∗, τS∗)+

ζWE[max{ṽ∆R∗ − c̃, 0}1ṽ>0] + ζWE[max{−ṽ∆S∗ − c̃, 0}1ṽ<0] + ζRτR∗ + ζSτS∗︸ ︷︷ ︸
independent of M

,

where some weights ζW ≥ 0, ζR ≥ 0, ζS ≥ 0, with ζW + ζR + ζS = 1 are given.
Thus, the same arguments as in the proof of Proposition 1 apply (with ζWE[ṽ] = 0
now being the “unbiased case”). The only additional complication is that we cannot
exclude anymore the possibility that the planner wants everybody to show up, that is,
τR∗ + τS∗ = 1 or, equivalently,

τR∗ = FR, τS∗ = FS .

Consider this case.
We now give a proof of the first claim in Proposition 1. The starting point is that only
the tallies with r + s = n occur with positive probability; we consider the set M̂ of
voting rules that are equal to M∗ on the line r + s = n and also yield the same reform-
at-abstention probability asM∗; we show that, full participation is an equilibrium under
any M ∈ M̂, and M̂ contains a linear rule.
Here are the details. Note that

n−1

Pr
τR∗,τS∗

(r, s) > 0 ⇐⇒ r+ s = n− 1;
n

Pr
τR∗,τS∗

(r, s) > 0 ⇐⇒ r+ s = n.

For any M ∈Mn, the participation pair (FR, FS) is an equilibrium if

(81) dR(M,FR, FS) ≥ ∆R∗ and dS(M,FR, FS) ≥ ∆S∗.

Thus, if E[ṽ] > 0, then we can set µA∗ = 1 and there exist Lagrangian multipliers µR∗

and µS∗ satisfying (34) such that M = M∗ maximizes L(M). The same holds with
µA∗ = −1 if E[ṽ] < 0. Still the same conclusion holds with µA∗ = 0 if E[ṽ] = 0, and
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in this case both (34) and (35) hold (to see this, one follows the same arguments as the
section “Remaining claims in the unbiased case in the proof of Proposition 1)” above).
Similarly to the computation leading to (38), we find that (36) holds with

µrs =

{
Prn−1

FR,FS (r, s)
(
µA∗ + µS∗ − µR∗

)
if r + s = n− 1,

PrnFR,FS (r, s) rµ
R∗/FR−sµS∗/FS

n if r + s = n.
(82)

This implies

µA∗ + µS∗ − µR∗ = 0(83)

because otherwise eitherM∗rs = 1 for all r+s = n−1, implying ∆R∗ = dR(M∗, FR, FS) ≤
0, contradicting τR∗ > 0, or M∗rs = 0 for all r + s = n − 1, which leads to a similar
contradiction using S instead of R.
We conclude that (35) holds even if E[ṽ] 6= 0 because otherwise µR∗ = µS∗ = 0 by
(34), in contradiction with µA∗ 6= 0 and (83).
For all (r, s) with r + s = n, (82) yields that µrs has the same sign as rµR∗/FR −
sµS∗/FS . This together with (34) and (35) implies that there exists r∗ such that, for all
r = 0, . . . , n,

(84) if r < r∗ then M∗r,n−r = 0; if r > r∗ then M∗r,n−r = 1.

Now define ρA∗ = ρA(M∗, FR, FS) and

M̂ = {M ∈Mn | ρA(M,FR, FS) = ρA∗, Mr,n−r = M∗r,n−r for all r = 0, . . . , n}.

For all M ∈ M̂,

dR(M,FR, FS) =
∑

r+s=n−1

n−1

Pr
FR,FS

(r, s)Mr+1,s − ρA∗ = dR(M∗, FR, FS)(85)

and, similarly,

(86) dS(M,FR, FS) = dS(M∗, FR, FS).

Therefore, (FR, FS) is an equilibrium for all M ∈ M̂. Thus, to complete the proof, it
is sufficient to find a linear rule M̂ ∈ M̂.
For all r̂ = 0, . . . , n, define M̂r̂ = {M ∈ M̂ | ∀r < r̂ : Mr,n−1−r = 0}. Let r̂
be maximal with the property M̂r̂ 6= ∅. Note that r̂ < n (otherwise we would have
0 ≥ dS(M,FR, FS) = ∆S∗ for all M ∈ M̂). Choose M̂ ∈ M̂r̂ with minimal
M̂r̂,n−1−r̂. By construction, M̂r̂,n−1−r̂ > 0.
Suppose that there exists r′ > r̂ such that M̂r′,n−1−r′ < 1. For all small ε > 0, the rule
M ε ∈ M̂, where we define

M ε
r̂,n−1−r̂ = M̂r̂,n−1−r̂ − εPr(r′, n− 1− r′),

M ε
r′,n−1−r′ = M̂r̂,n−1−r̂ + εPr(r̂, n− 1− r̂),

M ′rs = M̂rs otherwise.
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This contradicts the minimality property of M̂ because M ε
r̂,n−1−r̂ < M̂r̂,n−1−r̂. In

summary, M̂ has the following property: for all r = 0, . . . , n− 1,

(87) if r < r̂ then M̂r,n−1−r = 0; if r > r̂ then M̂r,n−1−r = 1.

Moreover, using (84) together with M̂ ∈ M̂,

(88) if r < r∗ then M̂r,n−r = 0; if r > r∗ then M̂r,n−r = 1.

If we had r̂ < r∗ − 1, then (87) and (88) would imply that

dR(M̂, FR, FS) = −
n−1

Pr
FR,FS

(r̂, n−1−r̂)M̂r̂,n−1−r̂−
n−1

Pr
FR,FS

(r∗−1, n−r∗)(1−M̂r∗,n−r∗) ≤ 0,

contradicting (85). Similarly, if we had r̂ > r∗, then it would follow that dS(M̂, FR, FS) ≤
0, contradicting (86). Thus,

r̂ = r∗ − 1 or r̂ = r∗.

Hence, one can define M̂rs for all r + s ≤ n− 2 such that M̂ is linear.

Here is the argument for the second claim in the proof of Proposition 1. Define M̂ ,
r∗, and r̂ as in the proof of the first claim. Suppose that r̂ = r∗ − 1 (the argument
is analogous if r̂ = r∗). Define the upper linear rules M ′, M ′′, and M ′′′ via M ′rs =
1s<n−r∗ , M ′′rs = 1s<n−r∗ or r≥r∗ , and M ′′′rs = 1s≤n−r∗ . Because

0 < ∆R∗ = dR(M̂, FR, FS) =
n−1

Pr
FR,FS

(r∗−1, n−r∗)(M̂r∗,n−r∗−M̂r∗−1,n−r∗),

we have M̂r∗,n−r∗ − M̂r∗−1,n−r∗ > 0. Hence, defining

κ′ = 1− M̂r∗,n−r∗ , κ′′ = M̂r∗,n−r∗ − M̂r∗−1,n−r∗ , κ′′′ = M̂r∗−1,n−r∗ ,

the rule M̌ = κ′M ′+κ′′M ′′+ κ′′′M ′′′ is a convex combination of M ′, M ′′, and M ′′′,
and M̌rs = M̂rs for all r + s ≥ n− 1. Thus, (M̌,∆R∗,∆S∗) is optimal.

Model variant with 0-cost agents

The assumptions on the type distribution F are as before, except that now 0 < Pr[c̃ =
0] < 1. Accordingly, the random variable ṽ/c̃ (with distribution F) can take the value
+∞, with probability Pr[c̃ = 0, ṽ > 0], or the value −∞, with probability Pr[c̃ =
0, ṽ < 0].
An equilibrium is still described by a pair (∆R,∆S), with the additional understanding
that any type (vi, ci) with ci = 0 and vi > 0 takes action R if ∆R > 0 and otherwise
takes action A; similar for types with ci = 0 and vi < 0.
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Equilibrium conditions are as before, where we define the functions tR and tS such that

tR(∆R) =

{
1−F(1/∆R) if ∆R > 0,
0 otherwise,

tS(∆S) =

{
F(−1/∆S) if ∆S > 0,
0 otherwise,

Any equilibrium can alternatively be expressed in terms of the participation pair (τR, τS),
where τR = 0 if ∆R = 0 and τR ≥ Pr[c̃ = 0, ṽ > 0] otherwise; similar for τS .
The conclusion of Proposition 1 still holds without changes; the proof remains as before.

Model variant with separate populations of R-agents and S-agents

Suppose there is a fixed number nR (resp. nS) of R-agents (resp., S-agents) with types
(vi, ci) i.i.d. distributed according to a distribution FR on R+ × R+ (resp., FS on
R− × R+). This captures the setting in Palfrey and Rosenthal (1985) as a special case.
Let (ṽR, c̃R) and (ṽS , c̃S) denote random variables with distributions FR and FS , re-
spectively. Let FR denote the c.d.f. for ṽR/c̃R and FS denote the c.d.f. for ṽS/c̃S . We
assume that, for x = R,S, the distribution Fx has no atoms, E[c̃x] <∞, E[ṽR] <∞,
and E[ṽS ] > −∞.
A voting rule is given by a mapping M : {0, 1, . . . , nR} × {0, 1, . . . , nS} → [0, 1].
The set of voting rules is denotedMnR,nS

. Linear rules are defined via a representation
with parameters (ξ, ξR, ξS) such that (1) and (2) hold, where we use the new shortcut
n = nR · nS .
We focus on equilibria in which all R-agents use the same strategy, and so do all S-
agents. Any strategy is defined via a pair (∆R,∆S) with ∆R ≥ 0 and ∆S ≥ 0. The
strategy of the R-agents (resp., S-agents) is given by (4), restricted to valuations vi > 0
(resp., vi < 0). Let

tR(∆R) = 1−FR(
1

∆R
), tS(∆S) = FS(− 1

∆S
).

Let Prlp(t) denote the probability of t successes in a binomial distribution with any
parameters (l, p). An agent’s anticipated pivotalities under a rule M are given by

dR(M, τR, τS) =
∑

r≤nR−1

∑
s≤nS

nR−1

Pr
τR

(r)
nS

Pr
τS

(s)(Mr+1,s −Mr,s),

dS(M, τR, τS) =
∑
r≤nR

∑
s≤nS−1

nR

Pr
τR

(r)
nS−1

Pr
τS

(s)(Mr,s −Mr,s+1).

where τR (resp., τS) is the probability that a givenR-agent (resp., S-agent) participates.
Equilibrium conditions are (6) for the R-agents and (7) for the S-agents. As in the main
model, we can represent any equilibrium (∆R,∆S) alternatively via the participation
pair (τR, τS).
Any mechanism-equilibrium pair m = (M, τR, τS) yields a reform-at-R-abstention
probability



LINEAR VOTING RULES 51

ρAR(m) =
∑

r≤nR−1

∑
s≤nS

nR−1

Pr
τR

(r)
nS

Pr
τS

(s)Mr,s

and a reform-at-S-abstention probability

ρAS(m) =
∑
r≤nR

∑
s≤nS−1

nR

Pr
τR

(r)
nS−1

Pr
τS

(s)Mr,s.

Given pivotalities ∆R and ∆S and a reform-at-R-abstention probability PAR, the in-
terim expected utility of an R-agent of type (vi, ci), vi > 0, is

viP
AR + max{vi∆R − ci, 0}.

Similarly, the expected utility of an S-agent of type (vi, ci), vi < 0, is

viP
AS + max{−vi∆S − ci, 0}.

We consider a social planner who is interested in maximizing a weighted average of
an R-agent’s utility and an S-agent’s utility, with weights κR > 0 and κS > 0. For
instance, κR = nR and κS = nS . The resulting objective is

W∆R,∆S ,PAR,PAS

= κRE[ṽR]PAR + κSE[ṽS ]PAS

+κRE[max{ṽR∆R − c̃R, 0}] + κSE[max{−ṽS∆S − c̃S , 0}].

The planner solves

(optRS) max
(M,∆R,∆S)

W∆R,∆S ,ρAR(M,tR(∆R),tS(∆S),ρAS(M,tR(∆R),tS(∆S))

s.t. (6), (7),

∆R ≥ 0, ∆S ≥ 0,

M ∈MnR,nS
.

PROPOSITION 5 Consider the model variant with fixed populations of R-agents and
S-agents. Then any solution to problem (optRS) is linear.

Proof. Let W (M, τR, τS) denote the welfare from any mechanism-equilibrium pair.
Consider an optimal mechanism-equilibrium pair m∗ = (M∗, τR∗, τS∗) with corre-
sponding pivotalities ∆R∗ and ∆S∗.
First we show that τR∗ < 1 and τS∗ < 1. Suppose that τR∗ = 1. Then only tallies of
the form (nR, s) can occur with positive probability in equilibrium. Then (0, τS∗) is an
equilibrium in the mechanism M̂ defined via M̂rs = M∗nR,s. Moreover,W (M̂, 0, τS∗) =

W (m∗)+κRE[c̃R], contradicting the optimality ofm∗. The proof that τS∗ < 1 is anal-
ogous.
In the following, we assume

τR∗ > 0 or τS∗ > 0,
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because otherwise the linearity claim is trivial. For any ruleM , the welfare contribution
that is associated with the option to abstain is denoted

ρRS∗(M)
def
= κRE[ṽR]ρAR(M, τR∗, τS∗) + κSE[ṽS ]ρAS(M, τR∗, τS∗).

This function is not identically 0: if τS∗ > 0, then

∂ρRS∗

∂M0,nS

= κRE[ṽR]
nR−1

Pr
τR∗

(0)
nS

Pr
τS∗

(nS) > 0;

similarly, if τR∗ > 0, then ∂ρRS∗/∂MnR,0 > 0.
By optimality, M = M∗ maximizes ρRS∗(M) subject to the equilibrium conditions
dR(M, τR∗, τS∗) = ∆R∗ and dS(M, τR∗, τS∗) = ∆S∗.
Thus, there exist numbers µR∗ and µS∗ such that M∗ maximizes the Lagrangian

LRS(M) = ρRS∗(M) + µR∗dR(M, τR∗, τS∗) + µS∗dS(M, τR∗, τS∗).

Hence, if µrs denotes the weight of Mrs in LRS(M), then (36) holds.

Case τR∗ > 0 and τS∗ > 0. Then

(89) PrnR

τR∗(r) PrnS

τS∗(s) > 0 for all (r, s).

We have

µrs = κRE[ṽR]
nR−1

Pr
τR∗

(r)
nS

Pr
τS∗

(s) + κSE[ṽS ]
nR

Pr
τR∗

(r)
nS−1

Pr
τS∗

(s)

+ µR∗
(
nR−1

Pr
τR∗

(r − 1)−
nR−1

Pr
τR∗

(r)

)
nS

Pr
τS∗

(s) + µS∗
nR

Pr
τR∗

(r)

(
nS−1

Pr
τS∗

(s)−
nS−1

Pr
τS∗

(s− 1)

)
=

PrnR

τR∗(r) PrnS

τS∗(s)

nRnS

(
κRE[ṽR]

nS(nR − r)
1− τR∗

+ κSE[ṽS ]
nR(nS − s)

1− τS∗

+ µR∗
(

r

τR∗
− (nR − r)

1− τR∗

)
nS + µS∗nR

(
s

τS∗
− (nS − s)

1− τS∗

))
=

PrnR

τR∗(r) PrnS

τS∗(s)

n

(
rξR − sξS − nξ

)
,

where we use the shortcuts

ξ = (κRE[ṽR]− µR∗) 1

1− τR∗
+ (κSE[ṽS ]− µS∗) 1

1− τS∗
,(90)

ξR =
µR∗nS
τR∗

− (κRE[ṽR]− µR∗) nS
1− τR∗

,(91)

ξS =
µS∗nR
τS∗

− (κSE[ṽS ]− µS∗) nR
1− τS∗

.(92)

Using (89), we conclude that (2) holds.
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To show (1), observe first that ξR ≥ 0 (otherwise (36) implies that M∗r+1,s ≤ M∗rs for
all (r, s), implying ∆R∗ = 0 and hence τR∗ = 0). Similarly, ξS ≥ 0. Now suppose that
ξR = 0 and ξS = 0. Then (91) yields

µR∗/(κRE[ṽR])

1− µR∗/(κRE[ṽR])
=

τR∗

1− τR∗
,

implying µR∗/(κRE[ṽR]) = τR∗. Similarly, µS∗/(κSE[ṽS ]) = τS∗ by (92). Thus,
ξ = 2 > 0 by (90). This completes the proof of (1). Hence, M∗ is a linear mechanism.

Case τR∗ > 0 and τS∗ = 0. (The case τR∗ = 0 and τS∗ > 0 is analogous). Here,
PrnS

τS∗(0) = 1 and

nR

Pr
τR∗

(r) > 0 for all r.

The pair (τR∗, 0) is an equilibrium in the R-one-sided mechanism M̂R defined via
M̂R
rs = M∗r0. It is sufficient to show that M̂ is linear.

By optimality, M̂R maximizes, across allR-one-sided rulesM , the objective ρAR(M, τR∗, τS∗)
subject to the equilibrium condition dR(M, τR∗, 0) = ∆R∗. Thus, there exists a num-
ber µR∗ such that M̂R maximizes LRS with µS∗ = 0, where the feasible set is given
by the R-one-sided rules.

Letting µr0 denote the weight of Mr0 in LRS(M),

M̂R
rs =

{
1 if µr0 > 0,
0 if µr0 < 0.

We have

µr0 =
PrnR

τR∗(r)

nRnS

(
κRE[ṽR]

nS(nR − r)
1− τR∗

+ κSE[ṽS ]
nRnS

1− τS∗
+ µR∗

(
r

τR∗
− (nR − r)

1− τR∗

)
nS

)
=

PrnR

τR∗(r)

n

(
rξR − nξ

)
,

where ξ is given by (90) with µS∗ = 0 and ξR is given by (91). Thus, (2) holds.
The proof of (1) is also analogous to the case τR∗ > 0 and τS∗ > 0. Hence, M̂R is a
linear mechanism.

Model variant with a committee

Suppose the mechanism designer randomly chooses a committee of n′ < n agents
(with equal probability for each possible set committee members) and allows them to
participate in a rule M ∈ Mn′ . Redefining the pivotality functions dR and dS and
the reform-at-abstention probability function ρA with n replaced by n′, the equilibrium
conditions remain as before, and the expected utility (10) is replaced by
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W∆R,∆S ,PA,n′ = E[ṽ]PA +
n′

n

(
E[max{ṽ∆R − c̃, 0}1ṽ>0] + E[max{−ṽ∆S − c̃, 0}1ṽ<0]

)
+
n− n′

n
E[ṽ]

(
∆RtR(∆R)−∆StS(∆S)

)
.

Consider the resulting problem (opt n′). Following the same arguments as the proof of
Proposition 1, we have:

PROPOSITION 6 Let 1 ≤ n′ < n. Any solution to problem (opt n′) is linear.

Proofs of the claims in Footnote 22

Claim: the committee size n is optimal if the participation cost is small
To prove this, make the assumptions of Proposition 4, and let W ∗(c, n′) denote the
welfare obtained at a solution to problem (opt n′) at any participation cost c > 0 and
any committee size n′ ≤ n. Define W ∗(0, n′) as the optimum welfare in the setting
without participation cost, and with a committee size of n′. The claim follows from
Step 1 and Step 2 below.

Step 1. For all n′ ≤ n, the function W ∗(c, n′) is continuous in c at c = 0.
To see this, suppose that n′ = n (similar arguments apply if n′ < n). Applying Lemma
4 with any M ,

lim inf
c→0, c>0

W ∗(c, n) ≥ lim inf
c→0, c>0

W (c,M, τ̃R(c), τ̃S(c)) = W ∗(0, n).

To complete Step 1, it remains to show that

(93) lim sup
c→0, c>0

W ∗(c, n) ≤W ∗(0, n).

Consider any sequence of participation costs (cl)l=1,2,..., cl > 0, cl → 0, and any
sequence of mechanism-equilibrium pairs (ml)l=1,2,..., ml = (Ml, τ

R
l , τ

S
l ), such that

ml is optimal at participation cost cl, and such that the sequence (ml) has a limit m0 =
(M0, τ

R
0 , τ

S
0 ). By construction,

W (cl,ml) = W ∗(cl, n) for all l.

Thus, to prove (93) it is sufficient to show (i) that (τR0 , τ
S
0 ) is an equilibrium under M0

at 0 participation cost, implying W (0,m0) ≤W ∗(0, n), and (ii) that

lim
l→∞

W (cl,ml) = W (0,m0).

To see (i), consider the pivotalities

∆R
l = dR(ml) and ∆S

l = dS(ml).

At the participation pair (τR0 , τ
S
0 ) under rule M0, the pivotalities are

∆R
0 = dR(m0) and ∆S

l = dS(m0).
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Thus, using that dR and dS are continuous functions,

(94) lim
l→∞

∆R
l = ∆R

0 and lim
l→∞

∆S
l = ∆S

0 .

At 0 participation cost, the equilibrium conditions are simple: τR0 = FR if ∆R
0 > 0,

and τS0 = FS if ∆S
0 > 0. These conditions follow immediately from (94) if we take

limits l→∞ in

τRl = tR(∆R
l ) = 1−H(cl/∆

R
l ), τSl = tS(∆S

l ) = H(−cl/∆S
l ).

To see (ii), consider the welfare expression on the right-hand side in (72). Plugging
in (c,m) = (cl,ml), we obtain an expression for the welfare W (cl,ml); plugging in
(c,m) = (0,m0) instead, we obtain an expression for the welfare W (0,m0). Because
the right-hand side in (72) is continuous in c, m, ∆R, and ∆S , equation (ii) follows.
This completes Step 1.

Step 2. W ∗(0, n′) < W ∗(0, n) for all n′ < n.
At zero participation cost, by the genericity assumption (26), any optimal mechanism
has the property that R is implemented if and only at least t∗ agents prefer R (Barberà
and Jackson, 2006). This property cannot be achieved with a committee of any size
n′ < n.

Claim: there is an example in which a random dictator yields a higher welfare than the
solution to (opt)
The example will be “unbiased”, that is, we construct a type distribution such that
E[ṽ] = 0. Moreover, the example will be such that on one side of the electorate zero
participation is immediate because the participation cost exceeds the valuation. Thus,
there exists an optimal rule that is one-sided. Finally, the example will be such that on
the participating side the cost and the valuation are sufficiently close together so that at
least some types abstain, implying that almost no welfare is created under the best one-
sided rule. A random dictator, however, can achieve a non-vanishing utility for herself
and, thus, a non-vanishing welfare.

Consider the following class of two-point valuation-cost distributions:

Ĝ ∼
(

(−1, ĉ) (v̂, ĉ)
1− p̂ p̂

)
,

where 1 < ĉ < v̂ and 0 < p̂ < 1 are chosen such that the distribution is unbiased, that
is, the expected valuation p̂v̂ − (1− p̂) = 0.
Let

∆
R

= max
r=0,...,n−1

n−1

Pr
p̂,0

(r, 0) < 1

denote the probability of the most likely tally of others’ votes, from the perspective of
an R-agent, assuming that all R-agents participate and all S-agents abstain. Assume
that ĉ is sufficiently close to v̂ so that
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v̂∆
R

< ĉ.(95)

Let F be an ε-approximation of Ĝ with ε so close to zero that

1 + ε < ĉ,(96)
v̂ − ε > ĉ,(97)

2ε <
p̂(v̂ − ĉ)

n
.(98)

What welfare can be achieved with a random dictator? Consider the rule such that ab-
stention of the dictator leads to the outcome S. Then, due to (97), the dictator will
participate and implement R if and only if she supports R. Thus, conditional on being
selected as dictator, an agent has the expected utility p̂(v̂− ĉ). Conditional on not being
selected as the dictator, an agent obtains zero because the distribution Ĝ (and thus F )
is unbiased and types are stochastically independent. In summary, the random-dictator
welfare equals p̂(v̂−ĉ)

n . Due to (98), it remains to show that

the solution to (opt) yields a welfare ≤ 2ε.

To see this, letm∗ = (M∗, τR∗, τS∗) denote a solution to (opt). Let (∆R∗,∆S∗) denote
the corresponding pivotalities.
We have τS∗ = 0 because even the most strongly affected S-agent will abstain, given
that ∆S∗(1 + ε) ≤ 1 + ε < ĉ from (96).
Thus, w.l.o.g. we can assume that M∗ is an R-one-sided linear mechanism. Let r∗ be
such that Mrs = 0 if r < r∗, Mrs = 1 if r > r∗, and Mrs = Mr∗,0 if r = r∗.
Suppose that there is full participation of R-agents, τR∗ = p̂. Then

∆R∗ =
n−1

Pr
p̂,0

(r∗ − 1, 0)Mr∗,0 +
n−1

Pr
p̂,0

(r∗, 0) (1−Mr∗,0) ≤ ∆
R
.

Using (95) this implies v̂∆R∗ < ĉ, contradicting the participation of type v̂.
Consider the remaining case of partial abstention of R-agents, τR∗ < p̂. Here, the R-
agent with the lowest valuation finds it optimal to abstain, implying ∆R∗(v̂ − ε) < ĉ.
Thus, the welfare (10) satisfies

W∆R∗,0,ρA(m∗) ≤ E[ṽ]ρA(m∗) + (v̂ + ε)∆R∗ − ĉ
≤ 0 + 2ε∆R∗

≤ 2ε.
It is straightforward to extend these arguments towards an example in which the random
dictatorship yields a higher welfare than any optimal rule with a committee size of at
least two.

Proof of Lemma 3

Additional notation is required. Let

D = {(τR, τS) | τR + τS ≤ 1, 0 ≤ τR ≤ pR, 0 ≤ τS ≤ pS + p0}
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denote the set of participation pairs that are feasible if the type distribution approximates
F̂ . Consider any (τR, τS) ∈ D. Let (v̂i, ci) (i = 1, . . . , n) denote i.i.d. random vectors
with distribution F̂ . Let ãi (i = 1, . . . , n) denote i.i.d. random variables that describe
each agent i’s action R, S, or A such that the participation pair (τR, τS) arises if agent
i’s type is a realization of (v̂i, ci). That is, the joint distribution of (ãi, v̂i) is given by
Pr[ãi = R, v̂i = vR] = τR, Pr[ãi = S, v̂i = vR] = 0, Pr[ãi = R, v̂i = v0] = 0,
Pr[ãi = S, v̂i = v0] = max{0, τS − pS}, Pr[ãi = R, v̂i = vS ] = 0, and Pr[ãi =
S, v̂i = vS ] = min{τS , pS}.
For any m = (M, τR, τS) ∈ Mn ×D, the welfare, ignoring the participation costs, is
denoted

Ŵ (m) =
1

n
E

[
n∑
i=1

v̂iMr̃,s̃

]
,(99)

where we use the following random variables for the number of R and S votes, respec-
tively:

r̃ = |{j|ãj = R}| and s̃ = |{j|ãj = S}|.

Elaborating the expectation (99),

Ŵ (m) =
1

n

∑
r+s≤n

n

Pr
τR,τS

(r, s)ŵrs(τ
R, τS)Mrs,

where we use a discrete analogue to (15),

ŵrs(τ
R, τS) = rη̂R(τR) + sη̂S(τS) + (n− r − s)η̂A(τR, τS)

that is defined using the shortcuts

η̂R(τR) = E[v̂i | ãi = R],

η̂S(τS) = E[v̂i | ãi = S],

η̂A(τR, τS) = E[v̂i | ãi = A].

Observe that Ŵ is continuous in m. Moreover, using the definition (20),

ŵrs(p
R, pS) = w(r, s).(100)

Consider any ε-approximation F of F̂ . By construction, using the functions defined
below (15),

|ηR(τR)− η̂R(τR)| ≤ ε if τR > 0,

|ηS(τS)− η̂S(τS)| ≤ ε if τS > 0,

|ηA(τR, τS)− η̂A(τR, τS)| ≤ ε if τR + τS < 1.

Thus, for all (τR, τS),

|ωrs(τR, τS)− ŵrs(τR, τS)| ≤ nε,(101)

where we use the definition (15). This implies
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|WF (m)− Ŵ (m)| ≤ nε+ max{cR, cS} if τS ≤ pS ,(102)

where we use W as defined in (14) and make its dependence on F explicit with a lower
index.
The following lemma determines what would be the first-best in the setting with the
discrete type distribution F̂ , ignoring the participation costs; an important aspect of this
result is the fact that the solution is unique.

LEMMA 6 Consider a three-point distribution F̂ such that (23), (24), and (25) hold.
The set of solutions to the problem

(∗) max
m∈Mn×D

Ŵ (m)

is given by the singleton (M,pR, pS).

Proof of Lemma 6. Let (M, τR, τS) denote a maximizer of (∗). Using (99),

Ŵ (M, τR, τS) ≤ 1

n
E

[
max{0,

n∑
i=1

v̂i}

]
= Ŵ (M,pR, pS).

Because (M, τR, τS) is optimal, the “≤” is in fact an “=”. Hence,

Pr[

n∑
i=1

v̂i > 0 and Mr̃,s̃ < 1] = 0,(103)

Pr[

n∑
i=1

v̂i < 0 and Mr̃,s̃ > 0] = 0.(104)

First of all, this implies

(105) τR ≥ pR or τS ≥ pS .

Suppose not. Then Pr[v̂1 = · · · = v̂n = vR, ã1 = · · · = ãn = A] > 0, implying
M0,0 = 1 by (103). Similarly, Pr[v̂1 = · · · = v̂n = vS , ã1 = · · · = ãn = A] > 0,
implying M0,0 = 0 by (104), a contradiction. Next,

if τR < pR then τS = 1− pR.(106)

Suppose not. Then, using (105),

Pr[v̂1 = vS , v̂2 = · · · = v̂n = vR, ã1 = S, ã2 = · · · = ãn = A] > 0,

implying M0,1 = 1 by (24) and (103). On the other hand, using τS < 1− pR,

Pr[v̂1 = vS , v̂2 = · · · = v̂n = v0, ã1 = S, ã2 = · · · = ãn = A] > 0.

implying M0,1 = 0 by (104), a contradiction.
Next,

τR = pR.(107)
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Suppose not, that is, τR < pR. Thus, using (106) and r̂ from (25),

Pr[v̂1 = · · · = v̂r̂ = vR, v̂r̂+1 = · · · = v̂n = vS ,

ã1 = · · · = ãr̂ = A, ãr̂+1 = · · · = ãn = S] > 0,

implying M0,n−r̂ = 0 by (104). On the other hand,

Pr[v̂1 = · · · = v̂r̂ = vR, v̂r̂+1 = · · · = v̂n = v0,

ã1 = · · · = ãr̂ = A, ãr̂+1 = · · · = ãn = S] > 0,

implying M0,n−r̂ = 1 by (25) and (103), a contradiction.
Next,

τS ≥ pS .(108)

Suppose not. Then, using (107),

Pr[v̂1 = · · · = v̂r̂ = vR, v̂r̂+1 = · · · = v̂n = vS ,

ã1 = · · · = ãr̂ = R, ãr̂+1 = · · · = ãn = A] > 0,

implying Mr̂,0 = 0 by (25) and (104). On the other hand,

Pr[v̂1 = · · · = v̂r̂ = vR, v̂r̂+1 = · · · = v̂n = v0,

ã1 = · · · = ãr̂ = R, ãr̂+1 = · · · = ãn = A] > 0,

implying Mr̂,0 = 1 by (25) and (103), a contradiction.
The last step towards finding the optimal participation rates is to show that

(109) τS = pS .

Suppose not. Then, using (107) and (108),

Pr[v̂1 = · · · = v̂r̂ = vR, v̂r̂+1 = · · · = v̂n = vS ,

ã1 = · · · = ãr̂ = R, ãr̂+1 = · · · = ãn = S] > 0,

implying Mr̂,n−r̂ = 0 by (25) and (104). On the other hand,

Pr[v̂1 = · · · = v̂r̂ = vR, v̂r̂+1 = · · · = v̂n = v0,

ã1 = · · · = ãr̂ = R, ãr̂+1 = · · · = ãn = S] > 0,

implying Mr̂,n−r̂ = 1 by (25) and (103), a contradiction.
From (107) and (109), r̃ = |{j|v̂j = vR}| and s̃ = |{j|v̂j = vS}|.
Consider any (r, s) and a realization of (v̂1, . . . , v̂n) such that r̃ = r and s̃ = s. Thus,∑n
i=1 v̂i = w(r, s). By (23), (i)

∑n
i=1 v̂i > 0 or (ii)

∑n
i=1 v̂i < 0. In the case (i),

Mrs = 1 by (103); in the case (ii), Mrs = 0 by (104). Thus, M = M . This completes
the proof of Lemma 6.

By (23), (100) and (101), we can choose ε > 0 so small that for all (r, s),

ωrs(p
R, pS) has the same sign as w(r, s).(110)
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Denote

∆
R

= dR(M,pR, pS) > 0 and ∆
S

= dS(M,pR, pS).

Let

c =
1

2
min{vR∆

R
,−vS∆

S}.

By continuity, there exist ε(cR, cS) > 0 and an open neighborhood N of the point
(M,pR, pS) such that, for all cR < c, cS < c, ε < ε(cR, cS) and m ∈ N ∩ (Mn ×D):

(111) (vR − ε)dR(m) > cR, (−vS − ε)dS(m) > cS , −v0 + ε < c0.

In particular, then (pR, pS) is the unique equilibrium ofM among all participation pairs
(τR, τS) with (M, τR, τS) ∈ N ∩ (Mn ×D).
Let W ∗∗ denote the maximum value of problem (∗). We show that there exists δ > 0,
c′ > 0, and ε′ > 0 such that (112) holds for all cR < c′, cS < c′, ε < ε′, any ε-
approximation F of F̂ , and any (M, τR, τS) ∈Mn ×D with τS ≤ pS :

(112) if WF (M, τR, τS) > W ∗∗ − δ, then (M, τR, τS) ∈ N .

To see why, suppose (112) fails. Then there exist sequences δj → 0, cRj → 0, cSj → 0,
εj → 0, a sequence Fj , where Fj is an εj-approximation of F̂j (defined like F̂ with
the replacements cR = cRj and cS = cSj ), and a sequence (Mj , τ

R
j , τ

S
j ) ∈ Mn × D

with τSj ≤ pS such that WFj
(Mj , τ

R
j , τ

S
j ) > W ∗∗ − δj and (Mj , τ

R
j , τ

S
j ) 6∈ N .

By Bolzano-Weierstraß, there exists a limit point (M̂, τ̂R, τ̂S) 6∈ N with τ̂S ≤ pS that
yields by (102) the limit welfare Ŵ (M̂, τ̂R, τ̂S) ≥W ∗∗. Moreover, (M̂, τ̂R, τ̂S) 6= M ,
contradicting Lemma 6.
We can assume that nε′ + c′ < δ.
Thus, using (102), for all cR < c′, cS < c′, ε < ε′, and any ε-approximation F of F̂ ,

(113) WF (M,pR, pS) ≥ Ŵ (M,pR, pS)− nε−max{cR, cS} > W ∗∗ − δ.

Now consider any cR < min{c, c′}, cS < min{c, c′}, ε < min{ε(cR, cS), ε′} and any
ε-approximationF of F̂ . Consider any optimal mechanism-equilibrium pair (M∗, τR∗, τS∗).
Then

WF (M∗, τR∗, τS∗) ≥WF (M,pR, pS)
(113)
> W ∗∗ − δ.

Together with (112) this implies (M∗, τR∗, τS∗) ∈ N .
Hence, (τR∗, τS∗) = (pR, pS) by (111). Given these participation rates, the welfare is

WF (M∗, pR, pS) =
1

n

∑
r+s≤n

n

Pr
pR,pS

(r, s)ωrs(p
R, pS)M∗rs − pRcR − pScS ,

implying that the unique best rule is M∗ = M because of (110). This completes the
proof of Lemma 3.
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Proof of (69) and (70)

Here we provide omitted computations towards the proof of Lemma 4. We use the
notation introduced in the proof of Lemma 4.
As an auxiliary step, we establish a result on the multinomial probabilities (5). We will
have to deal with higher-order partial derivatives of functions of τR and τS . We will
use the lower index (l)τS for the lth partial derivative with respect to τS , evaluated at
(τR, τS) = (FR, FS). The lower index (l)τR is analogous.

LEMMA 7 Let l = 0, 1, . . . . Consider any tally (r, s) with r + s ≤ n − 1. If r + s ≤
n−2− l, then Prn−1

(l)τR(r, s) = 0 and Prn−1
(l)τS (r, s) = 0. Suppose that r+ s ≥ n−1− l.

Then

n−1

Pr
(l)τR

(r, s) =
(n− 1)!

(n− 1− s− l)!s!
(FR)n−1−s−l(FS)s

(
l

n− 1− r − s

)
(−1)n−1−r−s

and

n−1

Pr
(l)τS

(r, s) =
(n− 1)!

r!(n− 1− r − l)!
(FR)r(FS)n−1−r−l

(
l

n− 1− r − s

)
(−1)n−1−r−s.

Proof of Lemma 7. This is a straightforward computation. The only non-vanishing
derivative of (1 − τR − τS)n−1−r−s is the (n − 1 − r − s)th derivative. Thus both
derivatives vanish if r + s ≤ n − 2 − l. In case r + s ≥ n − 1 − l, using the Leibniz
rule we find

n−1

Pr
(l)τR

(r, s)

=
(n− 1)!(−1)n−1−r−s

r!s!(n− 1− r − s)!
r!(FR)r−l+n−1−r−s(FS)s

(r − l + n− 1− r − s)!
(n− 1− r − s)!

(
l

n− 1− r − s

)
.

Similarly,

n−1

Pr
(l)τS

(r, s)

=
(n− 1)!(−1)n−1−r−s

r!s!(n− 1− r − s)!
s!(FR)r(FS)s−l+n−1−r−s

(s− l + n− 1− r − s)!
(n− 1− r − s)!

(
l

n− 1− r − s

)
.

Cancelling terms yields the expressions in the lemma.

We will use the shortcut

x =
n−1

Pr
(k−1)τR

(t∗ − 1, q) =
n−1

Pr
(k−1)τS

(t∗ − 1, q)

=
(n− 1)!

(t∗ − 1)!q!
(FR)t

∗−1(FS)q(−1)k−1.
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In order to compute the relevant higher-order derivatives of (č, τ̌R), we derive expres-
sions for some higher-order derivatives of dR, dS , and ρA with respect to τR and/or τS ,
evaluated at (τR, τS) = (FR, FS). Note that

dS(M, τR, τS) =
∑

r+s≤n−k−2

(Mr,s −Mr,s+1)
n−1

Pr
τR,τS

(r, s)(114)

+
n−1

Pr
τR,τS

(t∗ − 1, q) + 1t∗>1 ·Mt∗−2,q

n−1

Pr
τR,τS

(t∗ − 2, q).

From Lemma 7, all terms in (
∑
. . . ) vanish if we take the lth derivative (l ≤ k) w.r.t.

τS or τR at (FR, FS). Moreover, using the definitions of k and x,

n−1

Pr
(k)τS

(t∗ − 1, q − 1) = −x q

FS
,

n−1

Pr
(k)τS

(t∗ − 2, q) = −xt
∗ − 1

FR
,

n−1

Pr
(k)τS

(t∗ − 1, q) = x
q

FS
k.

Thus, for all l ≥ 0,

dS(l)τS = x ·


0 if 1 ≤ l ≤ k − 2,
1 if l = k − 1,
q
FS k −Mt∗−2,q

t∗−1
FR if l = k.

(115)

Next

dS(1)τR = 1k=2

n−1

Pr
(1)τR

(t∗ − 1, q) = 1k=2x(116)

The following formulas (117), (118), (119), and (120) are proved below.
For all l ≥ 0,

dR(l)τS = x ·


0 if 1 ≤ l ≤ k − 2,
−1, if l = k − 1,

−(1−Mt∗−2,q)
t∗−1
FR − q

FS (k − 1) if l = k,
(117)

Moreover,

dR(1)τR = d∗
t∗ − 1

FR
− 1k>2 · d∗

n− t∗

FS
.(118)

For all l ≥ 0,

ρA(l)τS = x ·


0, if 1 ≤ l ≤ k − 2,
1, if l = k − 1,

−Mt∗−2,q · t
∗−1
FR + q(k−1)

FS if l = k.

(119)

Finally,

ρA(1)τR = 1k>2 · d∗
n− t∗

FS
.(120)

Proof of (117). Note that
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dR(M, τR, τS) =
∑

r+s≤n−k−2

(Mr+1,s −Mr,s)
n−1

Pr
τR,τS

(r, s)

+1t∗>1 · (1−Mt∗−2,q)
n−1

Pr
τR,τS

(t∗ − 2, q)

+

k−2∑
ŝ=0

n−1

Pr
τR,τS

(t∗ − 1, n− t∗ − ŝ),(121)

where we have used the parameter ŝ = n − t∗ − s instead of s to write the last sum
(observe that k − 1 ≤ n− t∗ by definition of k).

Taking the lth (l ≤ k) derivative of (121) and evaluating at 1− τR − τS = 0, all terms
in the first row vanish because (1− τR− τS) occurs in all terms with an exponent > k.
Similarly, the second row vanishes unless l = k.

We begin by showing (117) for 1 ≤ l ≤ k − 2. Consider the lth derivative of the third
row in (121), evaluated at 1 − τR − τS = 0. Within the lth derivative expression as
represented according to the general Leibniz product rule, only the term resulting from
taking the ŝth derivative of (1 − τR − τS)ŝ (and taking the (l − ŝ)th derivative of
(τS)n−t

∗−ŝ) does not vanish. Thus,

dR(l)τS

=

l∑
ŝ=0

(
n− 1
t∗ − 1 ŝ

)
(FR)t

∗−1 (n− t∗ − ŝ)!
(n− t∗ − ŝ− (l − ŝ))!

(FS)n−t
∗−ŝ−(l−ŝ)

·ŝ!(−1)ŝ
(

l
ŝ

)
= (FR)t

∗−1(FS)n−t
∗−l

l∑
š=0

(n− 1)!

(t∗ − 1)!(n− t∗ − š)!š!
(n− t∗ − š)!
(n− t∗ − l)!

·(š)!(−1)š
(

l
š

)
= (FR)t

∗−1(FS)n−t
∗−l

l∑
š=0

(n− 1)!

(t∗ − 1)!

1

(n− t∗ − l)!
· (−1)š

(
l
š

)

= (FR)t
∗−1(FS)n−t

∗−l (n− 1)!

(t∗ − 1)!

1

(n− t∗ − l)!

l∑
š=0

(−1)š
(

l
š

)
= 0.

To show (117) for l = k − 1, we use (121) and the general Leibniz product rule,
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dR(k−1)τS =

k−2∑
ŝ=0

(
n− 1
t∗ − 1 ŝ

)
(FR)t

∗−1(FS)

=n−t∗−(k−1)=q︷ ︸︸ ︷
n− t∗ − ŝ− (k − 1− ŝ)

· (n− t∗ − ŝ)!
(n− t∗ − (k − 1))!

ŝ!(−1)ŝ
(
k − 1
ŝ

)
=

(
n− 1
t∗ − 1 q

)
(k − 1)!(FR)t

∗−1(FS)q ·
k−2∑
ŝ=0

(−1)ŝ
(
k − 1
ŝ

)
= −x,

where we have used the identity
∑k−1
ŝ=0 (−1)ŝ

(
k − 1
ŝ

)
= 0.

To show (117) for l = k, note that

dR(k)τS = 1t∗>1, Mt∗−2,q=0

(
n− 1
t∗ − 2 q

)
(FR)t

∗−2(FS)qk!(−1)k

+1q>0

k−2∑
ŝ=0

(
n− 1
t∗ − 1 ŝ

)
(FR)t

∗−1(FS)

=n−t∗−k=q−1︷ ︸︸ ︷
n− t∗ − ŝ− (k − ŝ)

· (n− t
∗ − ŝ)!

(n− t∗ − k)!
ŝ!(−1)ŝ

(
k
ŝ

)
= −1t∗>1, Mt∗−2,q=0 · x

t∗ − 1

FR

+1q>0

(
n− 1

t∗ − 1 q − 1

)
k!(FR)t

∗−1(FS)q−1 ·
k−2∑
ŝ=0

(−1)ŝ
(
k
ŝ

)
= −1t∗>1, Mt∗−2,q=0 · x

t∗ − 1

FR
− 1q>0 · x

q

FS
(k − 1),

where we have used the identity

k−2∑
ŝ=0

(−1)ŝ
(
k
ŝ

)
= −

k∑
ŝ=k−1

(−1)ŝ
(
k
ŝ

)
= −(−1)k−1k−(−1)k = (−1)k(k−1).

This completes the proof of (117).

Proof of (118). Using (121),

dR(1)τR = 1t∗>1

(
n− 1
t∗ − 1 0

)
(t∗ − 1)(FR)t

∗−2(FS)n−t
∗

−1k>2

(
n− 1
t∗ − 1 1

)
(FR)t

∗−1(FS)n−t
∗−1

= d∗
t∗ − 1

FR
− 1k>2 · d∗

n− t∗

FS
.
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Proof of (119). Note that

ρA(M, τR, τS) =
∑

r+s≤n−k−2

Mr,s

n−1

Pr
τR,τS

(r, s)(122)

+ 1q>0

(
n− 1

t∗ − 1 q − 1

)
(τR)t

∗−1(τS)q−1(1− τR − τS)k

+ 1t∗>1, Mt∗−2,q=1

(
n− 1
t∗ − 2 q

)
(τR)t

∗−2(τS)q(1− τR − τS)k

+

(
n− 1
t∗ − 1 q

)
(τR)t

∗−1(τS)q(1− τR − τS)k−1

+
∑

r+s≥n−1−k, r≥t∗

(
n− 1
r s

)
(τR)r(τS)s(1− τR − τS)

≤k︷ ︸︸ ︷
n− 1− r − s.

Taking the lth derivative (1 ≤ l ≤ k − 2), only terms in the last sum can be non-
vanishing because l < k− 1. In the last sum, any term with n− 1− r− s > l vanishes,
and any term with s + (n − 1 − r − s) < l vanishes. Thus, using the general Leibniz
product rule,

ρA(l)τS =
∑

n−1−l≤r+s≤n−1, r≥t∗, n−1−r≥l

(
n− 1
r s

)
(FR)r

(
l

n− 1− r − s

)

· s!

(n− 1− r − l)!
(FS)

=n−1−r−l︷ ︸︸ ︷
s− (l − (n− 1− r − s))(n− 1− r − s)!(−1)n−1−r−s

=

n−1−l∑
r=t∗

(FR)r
(n− 1)!

r!(n− 1− r − l)!
(FS)n−1−r−l

·
∑

n−1−l−r≤s≤n−1−r

(
l

n− 1− r − s

)
(−1)n−1−r−s.

The last sum equals 0, as can be seen by using the variable š = n − 1 − r − s instead
of s. This shows (119) for 1 ≤ l ≤ k − 2.
The above computation also works if l = k − 1 or l = k, showing that the fifth row on
the right-hand-side of (122) can be ignored.
Consider l = k − 1. The (k − 1)th derivative of the fourth row on the right-hand-side
of (122) equals x, while the (k − 1)th derivatives of the second and third rows vanish.
Consider l = k. The kth derivative of the second and third rows on the right-hand-side
of (122) are obtained by taking the kth derivative of (1− τR− τS)k, yielding the terms
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1q>0

(
n− 1

t∗ − 1 q − 1

)
(FR)t

∗−1(FS)q−1k!(−1)k

= 1q>0
(n− 1)!

(t∗ − 1)!(q − 1)!
(FR)t

∗−1(FS)q−1(−1)k

= −1q>0 · x
q

FS
.(123)

and

1t∗>1, Mt∗−2,q=1

(
n− 1
t∗ − 2 q

)
(FR)t

∗−2(FS)qk!(−1)k

= 1t∗>1, Mt∗−2,q=1 ·
(n− 1)!

(t∗ − 2)!q!
(FR)t

∗−2(FS)q(−1)k

= −1t∗>1, Mt∗−2,q=1 · x
t∗ − 1

FR
.

The last remaining term is obtained by taking the kth derivative of the fourth row on the
right-hand-side of (122). Using the Leibniz product rule, we take the (k−1)th derivative

of (1 − τR − τS)k−1 and the 1st derivative of (τS)q and multiply with
(
k
1

)
= k,

yielding the term

1q>0

(
n− 1
t∗ − 1 q

)
(FR)t

∗−1q(FS)q−1(k − 1)!(−1)k−1k

= 1q>0
(n− 1)!

(t∗ − 1)!(q − 1)!
(FR)t

∗−1(FS)q−1(−1)k−1k

= 1q>0 · x
q

FS
k.

Adding this to (123), we obtain the last term in (119). This completes the proof of (119).

Proof of (120).
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ρA(1)τR = 1k=2

(
n− 1
t∗ − 1 q

)
(FR)t

∗−1(FS)q(−1)

+
∑

r+s=n−2, r≥t∗

(
n− 1
r s

)
(FR)r(FS)s(−1)

+
∑

r+s=n−1, r≥t∗, r≥1

(
n− 1
r s

)
r(FR)r−1(FS)s︸ ︷︷ ︸

=
∑

r̂+s=n−2, r̂≥t∗−1

 n− 1
r̂ s

(FR)r̂(FS)s, where r̂ = r − 1

= −1k=2

(
n− 1
t∗ − 1 q

)
(FR)t

∗−1(FS)q

+

(
n− 1

t∗ − 1 n− 1− t∗
)

(FR)t
∗−1(FS)n−1−t∗

= −1k=2 · d∗
n− t∗

FS
+ d∗

n− t∗

FS

= 1k>2 · d∗
n− t∗

FS
.

Using (67) and (63), φ(1)τS = (0, 0)T . Thus, (68) implies (69) for l = 1.
We proceed by induction over l to show (69). Suppose the formula in (69) holds for
some l and we want to show it for l + 1, where l + 1 < k. Applying the chain rule
and general Leibniz product rule to (68), it is sufficient to show φ(l′)τS = (0, 0)T for
all l′ ≤ l + 1. Consider the first factor, H−1(1 − τ̌R(τS)), of the first component of
φ∂τS . By the chain rule and the induction hypothesis, the first l derivatives of this factor
vanish at τS = FS . Hence, the first l derivatives of the first component of φ∂τS vanish
atm∗. Of the second component of φ∂τS , the termH−1(τS) vanishes at τS = FS , and,
because l < k− 1, by (115), the first l derivatives of dS(M, τ̌R(τS), τS) also vanish at
τS = FS . Hence, the first l derivatives of the second component of φ∂τS vanish at m∗.
This completes the induction.
From (68),(

dk č/d(τS)k

dk τ̌R/d(τS)k

)
= − dk−1

d(τS)k−1

(
φ−1
∂c,∂τR · φ∂τS

)
.

Because φ(l′)τS (c,m∗) = (0, 0)T for all l′ ≤ k − 1 from the induction above, dk
č

d(τS)k

∣∣∣
τS=FS

dk
τ̌R

d(τS)k

∣∣∣
τS=FS

 = − φ−1
∂c,∂τR

∣∣∣
m∗
· φ(k)τS(124)

= −h
∗

d∗

(
0 d∗

h∗

−1 −1

)
· dk−1

d(τS)k−1

(
H−1(1− τ̌R(τS))dRτS

H−1(τS)dSτS + (H−1)′(τS)dS

)∣∣∣∣∣
τS=FS

.

By (69) and the chain rule,
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dk−1

d(τS)k−1

(
H−1(1− τ̌R(τS))dRτS

)∣∣∣∣∣
τS=FS

= 0.

Moreover, using the general Leibniz product rule and (115),

dk−1

d(τS)k−1

(
H−1(τS)dSτS

)∣∣∣∣∣
τS=FS

= (k − 1)
1

h∗
dS(k−1)τS

(115)
=

k − 1

h∗
x.

Similarly,

dk−1

d(τS)k−1

(
(H−1)′(τS)dS

)∣∣∣∣∣
τS=FS

=
1

h∗
x.

Thus, (124) implies dk
č

d(τS)k

∣∣∣
τS=FS

dk
τ̌R

d(τS)k

∣∣∣
τS=FS

 = −h
∗

d∗

(
0 d∗

h∗

−1 −1

)
◦
(

0
k
h∗x

)
,

yielding (70).

Proof of (76) and (77)

Here we provide omitted computations for the proof of Lemma 4. We use the notation
introduced in the proof of Lemma 4. Consider

(ρ̌A)′(τS) =
∂ρA

∂τR
· (τ̌R)′(τS) +

∂ρA

∂τS
,(125)

(ďR)′(τS) =
∂dR

∂τR
· (τ̌R)′(τS) +

∂dR

∂τS
,(126)

(ďS)′(τS) =
∂dS

∂τR
· (τ̌R)′(τS) +

∂dS

∂τS
.(127)

Using (125), (119) and (69),

(ρ̌A)(l) = 0 for all 1 ≤ l ≤ k − 2.(128)

Using (126), (117) and (69),

(ďR)(l) = 0 for all 1 ≤ l ≤ k − 2.(129)

Similarly, (127), (115), and (69),

(ďS)(l) = 0 for all 1 ≤ l ≤ k − 2.(130)

Applying the general Leibniz product rule to the second term on the right-hand side in
equation (75), noting that the first derivative of the second factor in this term vanishes,
and using (129), the only non-vanishing term in the l−1th derivative comes from taking
the l − 1th derivative of the first factor. Analogous reasoning applies to the third term
on the right-hand side in (75). Applying the general Leibniz rule to the fourth and fifth
terms and using (69), the l − 1th derivative of the sum of these terms converges to the
lth derivative of c. In summary,
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W̌ (l) :=
dlW̌

d(τS)l

∣∣∣∣∣
τS=FS

(131)

= (ρ̌A)(l)(ER − ES) + (ďR)(l)ER + (ďS)(l)ES − č(l) for all l = 1, . . . , k,

where we can use the shortcuts

(132) ER = E[ṽ1ṽ>0] > 0, ES = E[−ṽ1ṽ<0] > 0,

because∫
v>0

vg(v)dH(v) =

∫
v>0

v

∫
zdZv(z)dH(v) =

∫
v>0

vdH(v, z) = E[ṽ1ṽ>0] = ER

and a similar computation applies to ES .
Using (131) together with (128), (129) and (130), one obtains (76) for all l < k − 1.
Using (125), (126), (127), and (69),

(ρ̌A)(k−1) = ρA(k−1)τS

(119)
= dS(k−1)τS ,

(ďR)(k−1) = dR(k−1)τS

(117)
= −dS(k−1)τS ,

(ďS)(k−1) = dS(k−1)τS .

Thus, (131) yields (76) for l = k − 1. In order to find W̌ (k), we have to evaluate the
right-hand side of (131) at l = k. Note that

(ρ̌A)(k) = (τ̌R)(k) · ρA(1)τR + ρA(k)τS(133)

= x1k>2
(n− t∗)k

FS
− xMt∗−2,q ·

t∗ − 1

FR
+ x

q(k − 1)

FS
,

where the first equation follows from the chain rule, the general Leibniz rule, and (69),
and the second equation follows from (119), (120), and (70). Similarly,

(ďS)(k) = (τ̌R)(k) · dS(1)τR + dS(k)τS ,(134)

= −x1k=2
(n− t∗)k

FS
− xMt∗−2,q ·

t∗ − 1

FR
+ x

kq

FS
,

where the derivatives that occur on the right-hand side of (134) have been computed in
(115), (116), and (70). Similarly,

(ďR)(k) = (τ̌R)(k) · dR(1)τR + dR(k)τS ,(135)

= x · (t∗ − 1)k

FR
− x1k>2 ·

(n− t∗)k
FS

−x(1−Mt∗−2,q) ·
t∗ − 1

FR
− xq(k − 1)

FS
,

where the derivatives that occur on the right-hand side of (135) have been computed in
(117), (118), and (70).
Plugging (133), (134), (135), and (70) into (131) at l = k, the variable x cancels out
and we find
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W̌ (k)

č(k)
= −h

∗

k

(
1k>2

(n− t∗)k
FS

−Mt∗−2,q ·
t∗ − 1

FR
+
q(k − 1)

FS

)
(ER − ES)

−h
∗

k

(
(t∗ − 1)k

FR
− 1k>2 ·

(n− t∗)k
FS

q(k − 1)

FS

−(1−Mt∗−2,q)
t∗ − 1

FR
− q(k − 1)

FS

)
ER

−h
∗

k

(
−1k=2

(n− t∗)k
FS

−Mt∗−2,q ·
t∗ − 1

FR
+
kq

FS

)
ES

−1.

The terms with 1k>2 and 1k=2 can be summarized into a single term. Thus

W̌ (k)

č(k)
= −h

∗

k

(
−Mt∗−2,q ·

t∗ − 1

FR
+
q(k − 1)

FS

)
(ER − ES)

−h
∗

k

(
(t∗ − 1)k

FR
− (1−Mt∗−2,q)

t∗ − 1

FR
− q(k − 1)

FS

)
ER

−h
∗

k

(
− (n− t∗)k

FS
−Mt∗−2,q ·

t∗ − 1

FR
+
kq

FS

)
ES

−1.

Similarly, the terms with 1−Mt∗−2,q and withMt∗−2,q can be summarized into a single
term. Thus,

W̌ (k)

č(k)
= −h

∗

k

q(k − 1)

FS
(ER − ES)

−h
∗

k

(
(t∗ − 1)k

FR
− t∗ − 1

FR
− q(k − 1)

FS

)
ER

−h
∗

k

(
− (n− t∗)k

FS
+
kq

FS

)
ES

−1

= −h
∗

k

(
(t∗ − 1)k

FR
− t∗ − 1

FR

)
ER − h∗

k

(
− (n− t∗)k

FS
+

q

FS

)
ES

−1

= h∗
(
− t
∗ − 1

FR
+
t∗ − 1

kFR

)
ER + h∗

(
n− t∗

FS
− n− t∗ − k + 1)

kFS

)
ES

−1

= h∗
(
− t
∗ − 1

FR
+
t∗ − 1

kFR

)
ER + h∗

(
n− t∗ + 1

FS
− n− t∗ + 1

kFS

)
ES

−1

= −h∗
(

1− 1

k

)(
(t∗ − 1)

ER

FR
− (n− t∗ + 1)

ES

FS

)
− 1,

implying (77).
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Claims in Footnote 32

In Lemma 8, we consider theR-one-sided ruleMR∗ that, together with fullR-participation
(or compulsory participation), is welfare-maximizing at zero participation cost. That is,
at zero participation cost, MR∗ yields the same welfare, defined as W ∗ in (30), as the
best compulsory rule. We show that, at small participation costs, the rule MR∗ has an
equilibrium with almost full R-participation. We provide a formula (137) for the first-
order welfare effect of introducing a participation cost. Lemma 9 is analogous for the
S-one-sided rule MS∗ that, together with full S-participation (or compulsory participa-
tion), is welfare-maximizing at zero participation cost.
The first claim in Footnote 32 amounts to showing that at least one of the first-order
welfare effects (137) and (138) is > −1, where −1 is the first-order welfare effect of
introducing a participation cost given a compulsory rule. To obtain the required inequal-
ity, it suffices to consider the terms due to types around 0 abstaining; these are the terms
in (137) and (138) that are proportional to H′(0) > 0. The sum of the proportionality
factors is

ER

FR
− V (t∗) +

ES

FS
+ V (t∗ − 1) = 0.

Thus, one of the proportionality factors is non-negative, implying that either the right-
hand side in (137) is ≥ FR > −1 or the right-hand side in (138) is ≥ FS > −1.
To see the second claim in Footnote 32, concerning the possibility that compulsory
voting dominates voluntary voting, consider any environment such that E

R

FR−V (t∗) < 0
and H′(0) is sufficiently large. In such an environment, the right-hand side in (137) is
< −1. This implies that, at small participation costs, the equilibrium established in
Lemma 8 yields a lower welfare than what can be achieved in the optimal rule with
compulsory participation. The rule MR∗ may have other equilibria; however, by the
implicit-function theorem the equilibrium in Lemma 8 is unique among the equilibria
in a neighborhood of full R-participation; at small participation costs, any equilibrium
outside this neighborhood yields a lower welfare than the equilibrium established in
Lemma 8 because the welfare in any other equilibrium does not converge to W ∗ as the
participation cost vanishes.
The lemmas below refer to equilibria in one-sided voting rules. A pair (τR, 0) with
τR > 0 is an equilibrium under an R-one-sided rule M if and only if the types (vi, czi)
with vi/zi = H−1(1− τR) are indifferent between participating and abstaining, that is,

H−1(1− τR)dR(M, τR, 0)− c = 0.(136)

In such equilibria, only tallies of the form (r, 0) occur with positive probability. S-one-
sided mechanisms are treated analogously.
Lemma 8 establishes existence and properties of equilibria with almost fullR-participation
in the R-one-sided linear rule 1r≥t∗ . Lemma 9 is analogous for the S-one-sided case.
We use the shortcuts introduced in (132).
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LEMMA 8 Make the assumptions of Proposition 4. Then, for all c sufficiently close
to 0, there exists an equilibrium (τ̃R(c), 0) (→ (FR, 0) as c → 0) in the mechanism
MR∗ = 1r≥t∗ that yields a welfare such that

lim
c→0

W (c,MR∗, τ̃R(c), 0) = W ∗.

Moreover,

d

dc
W (c,MR∗, τ̃R(c), 0)

∣∣∣∣
c=0

= H′(0)

(
ER

FR
− V (t∗)

)
− FR.(137)

To prove Lemma 8, one applies the implicit-function theorem to the equilibrium condi-
tion (136) in order to describe the equilibrium (τR, 0) as a function of c. The details are
omitted.

To prove the following analogous result for the S-one sided rule 1s<n−t∗ , one replaces
F (v)→ 1− F (−v) and t∗ → n− t∗ + 1.

LEMMA 9 Make the assumptions of Proposition 4. Then, for all c sufficiently close to
0, there exists an equilibrium (0, τ̃S(c)) (→ (0, FS) as c→ 0) in MS∗ = 1s<n−t∗ that
yields a welfare such that

lim
c→0

W (c,MS∗, 0, τ̃S(c)) = W ∗.

Moreover,

d

dc
W (c,MS∗, 0, τ̃S(c))

∣∣∣∣
c=0

= H′(0)

(
ES

FS
+ V (t∗ − 1)

)
− FS .(138)
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Table of notations

Main text

n number of individuals, size of the electorate
S and R social alternatives, status quo and reform
R, iR, S, iS outcomes from individual i’s point of view
(ṽ, c̃) random vector for an individual’s valuation-cost type
F c.d.f. for (ṽ, c̃)
F c.d.f. for the signed preference intensity ṽ/c̃
FR = Pr[ṽ > 0]
FS = Pr[ṽ < 0]
ai ∈ A individual i’s action
Φ : An → [0, 1] mechanism
σ(vi, ci) i’ strategy in Φ
ρai(Φ, σ) probability that alternative R is implemented under mechanism Φ,

given that agent i plays ai and everybody else uses σ
(r, s) voting outcome, election result, tally
Mrs = M(r, s) voting rule
Mn set of feasible voting rules in electorates of size n
ξ, ξR, and ξS default bias, R-weight, and S-weight in a linear rule
a ∈ {A,S,R} voting behavior (A means abstention)
P a reform-at-abstention probability
∆R R-pivotality
∆S S-pivotality
τR and τS participaton rates
PrnτR,τS (r, s) probability of the tally (r, s) in a group of size n
tR(∆R), tS(∆S) participation rates induced by the pivotalities ∆R and ∆S

m, (M,∆R,∆S), or (M, τR, τS) mechanism-equilibrium pair
dR(M, τR, τS), dS(M, τR, τS) pivotalities induced by the rule M and the participation rates (τR, τS)

W∆R,∆S ,PA

welfare, given the interim-payoff-relevant variables
W (M, τR, τS) welfare as a function of the mechanism-equilibrium pair
L(M) Lagrangian for maximizing welfare at given optimal participation rates
µ∗ = (µA∗, µR∗, µS∗) vector of weights in L(M) that are assigned to

the default-at-abstention probability, the R-pivotality, and the S-pivotality
ηR(τR) and ηS(τS) expected valuation of an R-voter and of an S-voter, respectively
ηA(τR, τS) expected valuation of an abstaining agent
Ψ :Mn → R3 maps each mechanism to the induced values

(
∆R,∆S , PA

)
at the given optimal participation pair (τR∗, τS∗)

ωrs(τ
R, τS) expected aggregate valuation for the reform,

conditional on the tally (r, s) being realized
∆ R- and S-pivotality in the neutral setting
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table continued

t(∆) R- and S-participation rate in the neutral setting
W∆ welfare in the neutral setting
(vS , cS), (v0, c0), and (vR, cR) types in a two- or three-point distribution
pS , p0, and pR probabilites in a two- or three-point distribution
F̂ two-point type distribution (if p0 = 0)

or three-point type distribution (if p0 6= 0)
w(r, s) = rvR + svS + (n− r − s)v0

M rule that implements the reform if and only if w(r, s) > 0
(ṽ, z̃) random vector for an individual’s valuation-cost type,

with expected participation cost equal to 1
H c.d.f. for (ṽ, z̃)
c scaling factor for participation costs
Fc c.d.f. for scaled random vector (ṽ, cz̃)
H c.d.f. for the signed (unscaled) preference intensity ṽ/z̃
W (c,m) welfare from any mechanism-equilibrium pair m at type distribution Fc
V (r) expected aggregate valuation for the reform if r agents prefer the reform
t∗ optimal qualified majority threshold if voting is compulsory
q maximal number of votes for S such that the reform is implemented,

given t∗ − 1 votes for R
W ∗ optimal welfare with compulsory participation and zero participation cost
τ̃R(c) and τ̃S(c) equilibrium participation rates as functions of the cost parameter c

Appendix

Proof of Lemma 1.
d> equilibrium distribution of actions across all types with v > 0
d< equilibrium distribution of actions across all types with v < 0

Proof of Proposition 1, first claim.
(M∗,∆R∗,∆S∗) optimal mechanism-equilibrium pair
τR∗ and τS∗ participation rates in an optimal mechanism-equilibrium pair
MR R-one-sided rule that is identical to M∗ on the tallies (0, n), (1, n− 1), . . . , (n, 0)
µrs weight of Mrs in the Lagrangian L(M)
ξµ, ξR,µ, and ξS,µ default bias, R-weight, and S-weight in the linear rule that maximizes

the Lagrangian L that arises from the vector of weights µ = (µR, µS , µA)

M̂R R-one-sided rule that is identical to M∗ on the tallies (0, 0), (1, 0), . . . , (n, 0)
M const constant rule that is identical to M∗ on the tally (0, 0)

Proof of Proposition 1, second claim.



LINEAR VOTING RULES 75

(∆R,∆S , PA) vector of interim-payoff-relevant variables
Ψ(Mn) set of feasible interim-vectors at given optimal participation rates
S2 unit sphere in R3; set of feasible vectors of weights in the Lagrangian L
(µ) problem of maximizing, over Ψ(Mn),

the µ-weighted sum of the interim payoff-relevant variables, where µ ∈ S2

Jµ set of solutions of problem (µ)

I set of elements in Jµ
∗

with non-negative pivotalities
k = (kR, kS , kA) vertex of I .
M̂ voting rule such that Ψ(M̂) ∈ Jµ∗

M̌ constant or one-sided rule such that Ψ(M̌) = Ψ(M̂)
r∗ minimum required number of votes for the reform in an R-one-sided rule
y auxiliary variable for defining the Lagrange parameters µ̌A and µ̌S

µ̌A and µ̌S Lagrange parameters for the solution to the problem in Step 2
µ̂ = (µ̂R, µ̂S , µ̂A) vector of weights in S2

Γ maps the pair of R- and S-weights in the Lagrangian L to the normalized
R- and S-weights in the Lagrangian-maximizing linear rule, given µ̂A

B neighborhood of the pair (µ̂R, µ̂S) of weights in the Lagrangian L such that
Γ is well-defined and invertible on B

Srs pair of normalized R- and S-weights in a linear rule such that
the tally (r, s) is on the cutoff-line of the linear rule

(Bq)q=1,2,... sequence of relatively open sets Bq ⊆ S2 that converges to µ∗ such that
a given vertex k is the only point that solves both
any problem (µ) with µ ∈ Bq and the problem (µ∗)

(µq)q=1,2,... sequence selected from (Bq)q=1,2,... such that no tally is on the cutoff line
of the linear rule that maximizes the Lagrangian L arising from µq

(Mq)q=1,2,... sequence of voting rules such that Ψ(Mq) ∈ Jµq

Mk∗ limit point of the sequence (Mq)q=1,2,...

Proof of Lemma 2.

νR expected valuation of an R-voter, given the participation rate pR

νS and νA expected valuation of an S-voter and, resp., abstaining voter,
given the participation pair (pR, τS)

t∗ required number of agents with valuation vR in the two-point distribution
such that the aggregate valuation for the reform is positive

M R-one-sided rule that requires t∗ votes for R to implement the reform

Proof of Proposition 3.

M upper-linear rule

Proof of Lemma 4.
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m∗ mechanism-participation-pair with full participation where the mechanism
satisfies the assumptions of the lemma

d∗ R-pivotality induced by m∗

φ(c,M, τR, τS) maps a mechanism-participation pair together with a cost parameter c
to the induced payoffs of the marginally participating types with participation cost c

N domain of φ
h∗ the density ofH at 0
U open neighborhood of FS

V open neighborhood of (0, FR)
(č, τ̌R) implicit function U → V defined by the zeroes of φ
k minimum number of abstainers such that one additional abstainer

implies that the reform is implemented, given t∗ − 1 votes for the reform
(l) upper index that indicates the lth derivative evaluated at FS

ε length of a left-neighborhood of full S-participation in which the function č is
strictly decreasing and the function τ̌R is strictly increasing

c participation cost parameter value below which the function č is invertible
Zv c.d.f. for the unscaled cost z̃, conditional on the event ṽ/z̃ = v
g(v) expectation of the unscaled cost, conditional on the unscaled signed

preference intensity being equal to v
G(v) expectation of the unscaled cost, conditional on the unscaled signed

preference intensity being less than or equal to v
W̌ (τS) welfare as a function of the equilibrium S-participation rate τS

ρ̌A(τS), ďR(τS), ďS(τS) reform-at-abstention probability and pivotalities as functions
of the equilibrium S-participation rate τS
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Online supplement

Model variant with weights on turnout

ξW , ξR, and ξS welfare weights for the expected utility, the R-participation rate,
and the S-participation rate

M̂ the set of voting rules that are equal to the optimal rule M∗ for all full-participation
tallies and also yield the same reform-at-abstention probability as M∗

r∗ number of R above which the reform is implemented and below which the
status quo is implemented in the optimal rule M∗, given full participation

ρA∗ reform-at-abstention probability at the optimal rule M∗, given full participation
M̂ a linear rule in M̂
M̂r̂ the set of rules in M̂ such that the status quo is implemented if

all agents except one participate and fewer than r̂ agents vote R
r̂ number of R above which the reform is implemented and below which the

status quo is implemented in the rule M̂ , given participation of all agents except one
M ′ rule that implements the status quo if and only if at least n− r∗ agents vote for S
M ′′ rule that implements the status quo if and only if at least n− r∗ agents vote for S

and the tally is not equal to (r∗, n− r∗)
M ′′′ rule that implements the status quo if and only if more than n− r∗ agents votes for S
M̌ convex combination of M ′, M ′′, and M ′′′ that is identical to M̂ on the

set of tallies such that at most one agent abstains
κ′, κ′′, and κ′′′ weights of M ′, M ′′, and M ′′′ in M̌

Model variant with separate populations of R-agents and S-agents

nR and nS fixed numbers of R-agents and S-agents, respectively
(ṽR, c̃R) and (ṽS , c̃S) random vectors for an R-agent’s and an S-agent’s valuation-cost type
FR and FS c.d.f.s for (ṽR, c̃R) and (ṽS , c̃S)
FR and FS c.d.f.s for the preference intensities ṽR/c̃R and ṽS/c̃S
MnR,ns set of voting rules
n product of the numbers of R-agents and S-agents
Prlp(t) probability of t successes in a binomial distribution with any parameters (l, p)
ρAR(m) probability that alternative R is implemented, given that one R-agent abstains

and all others play according to m
ρAS(m) probability that alternative R is implemented, given that one S-agent abstains

and all others play according to m
PAR reform-at-R-abstention probability
PAS reform-at-S-abstention probability
κR and κS welfare weights for the groups of R-agents and S-agents
W∆R,∆S ,PAR,PAS

welfare as a function of the interim-payoff-relevant variables
M̂ S-one-sided rule defined by what would be implemented by the

optimal rule, assuming full R-participation
ρRS∗(M) welfare contribution that is associated with the option to abstain
LRS(M) Lagrangian for maximizing welfare at given optimal participation rates
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Model variant with a committee

n′ committee size

Proofs of the claims in Footnote 22

W ∗(c, n′) welfare obtained from an optimal mechanism-equilibrium pair at the
participation cost c, given that participation is restricted to a committee of size n′

(cl)l=1,2,... sequence of participation costs that converges to 0
(ml)l=1,2,... corresponding sequence of optimal mechanism-equilibrium pairs
m0 = (M0, τ

R
0 , τ

S
0 ) limit of the sequence (ml)l=1,2,...

∆R
l and ∆S

l sequences of pivotalities induced by the sequence (ml)
∆R

0 and ∆S
0 pivotalities induced by the limit (m0)

ĉ common participation cost in the constructed two-point distribution
v̂ R-agents’ valuation in the constructed two-point distribution
p̂ probability of being an R-agent in the constructed two-point distribution
Ĝ two-point unbiased type distribution such that, for any closely approximating

type distribution, a random dictator yields a higher welfare than the solution to (opt)
∆
R

highest possible R-pivotality in an R-one-sided rule
with R-participation rate p̂
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Proof of Lemma 3

D the set of participation pairs with R-participation rate less than or
equal to pR, and S-participation rate less than or equal to pS + p0,

(v̂1, c1), . . . , (v̂n, cn) i.i.d. random vectors with distribution F̂
(τR, τS) pair of participation rates from D
ã1, . . . , ãn i.i.d. random variables that describe each agent i’s action,

given the participation rates (τR, τS) and the type distribution F̂
Ŵ (m) welfare at the discrete type distribution F̂ and zero participation cost,

given a combination m of a mechanism and participation rates (τR, τS)
r̃ and s̃ random variables for the number of R- and S-votes, respectively, given

the actions ã1, . . . , ãn
η̂R(τR) and η̂S(τS) expected valuation of an R-voter and of an S-voter, respectively,

given the type distribution F̂
η̂A(τR, τS) expected valuation of an abstaining agent, given the type distribution F̂
ω̂rs(τ

R, τS) expected aggregate valuation for the reform, conditional on the
tally (r, s) being realized, given the type distribution F̂

WF (m) welfare as a function of the mechanism-equilibrium pair m
and the type distribution F

∆
R

and ∆
S

pivotalities induced by the rule M introduced in the main text,
assuming the participation rates (pR, pS) taken from the type distribution F̂

c and c′ upper bounds for the participation costs cR and cS in the type distribution F̂
N neighborhood of (M,pR, pS) such that (pR, pS) is the unique equilibrium if

the type distribution is a sufficiently close approximation of F̂
ε(cR, cS), ε′ required levels of approximation of the type distribution F̂
W ∗∗ welfare obtained from (M,pR, pS), given the type distribution F̂

and zero participation costs of the participating types
δ required level of approximation of W ∗∗

(δj)j=1,2,... sequence of required levels of approximation of W ∗∗

(cRj )j=1,2,... sequence of participation costs of R-agents that converges to 0
(cSj )j=1,2,... sequence of participation costs of S-agents that converges to 0
(F̂j)j=1,2,... sequence of type distributions that are like F̂ , but with costs cRj and cSj
(Fj)j=1,2,... sequence of type distributions that approximates the sequence (F̂j)j=1,2,...

(Mj , τ
R
j , τ

S
j )j=1,2,... sequence of mechanism-participation-rates combinations outside of N

that approaches the welfare W ∗∗, given the sequence (Fj)j=1,2,...

(M̂, τ̂R, τ̂S) limit point of the sequence (Mj , τ
R
j , τ

S
j )j=1,2,...

Proof of (69) and (70)

lower index (l)τS lth partial derivative with respect to τS , evaluated at (τR, τS) = (FR, FS)
lower index (l)τR lth partial derivative with respect to τR, evaluated at (τR, τS) = (FR, FS)
x shortcut for the partial derivative Prn−1

(k−1)τR(t∗ − 1, q) = Prn−1
(k−1)τS (t∗ − 1, q)
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Proof of (76) and (77)

upper index (l) lth order derivative of functions of the S-participation rate,
evaluated at full participation, where l = 1, 2, . . . , k

ER average valuation of an R-agent, weighted by the probability of being an R-agent
ES average valuation of an S-agent, weighted by the probability of being an S-agent

Claims in Footnote 32

MR∗ the R-one-sided rule that is optimal with compulsoy participation
τ̃R(c) equilibrium R-participation rate in MR∗, as a function of the cost parameter c
MS∗ the S-one-sided rule that is optimal with compulsoy participation
τ̃S(c) equilibrium S-participation rate in MS∗, as a function of the cost parameter c


